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Abstract 

Let M be a K3 surface or an even-dimensional compact 
torus. We show that the category of coherent sheaves on 
M is independent from the choice of the complex structure, 
if this complex structure is generic. 
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1 Introduction 

1.1 An overview 

A hyperkahler manifold is a Riemannian manifold M equipped with an 
orthogonal action of quaternion algebra in its tangent space TM, in such a 
way that for all L £ H, L 2 = — 1, the L induces a Kahler structure on M. 

Let M be a hyperkahler manifold, and I G H a quaternion such that 
I 2 = — 1. By (M,I) we understand the M considered as a Kahler manifold, 
with the complex structure /. 

We study the category of coherent sheaves on (M, I). This question 
can be stated more algebraically as follows. Using the linear algebra of the 
quaternionic action, it is easy to construct a holomorphic symplectic form 
on (M,I), that is, a holomorphic, closed, nowhere degenerate (2,0)-form. 
Conversely, every compact holomorphic symplectic Kahler manifold admits, 
by Calabi-Yau theorem, a unique hyperkahler metrics in a given Kahler 
class. Details of this correspondence can be found e.g. in [|Bcs|. 



The subject of this paper can be understood algebraically as the study of 
coherent sheaves on compact holomorphically symplectic Kahler manifolds. 

A holomorphic symplectic manifold has trivial canonical class; the canon- 
ical class is trivialized by taking the top exterior power of the holomorphic 
symplectic form. Mirror conjecture, in the form proposed by M. Kontsevich 
( [ KorJ ) , relates the category of coherent sheaves on a Calabi-Yau manifold 



and the Gromov-Witten geometry of the Lagrangian cycles on its mirror 
partner. More precisely, this version of the mirror conjecture states that 
the derived category of coherent sheaves should be equivalent to the Fukaya 
category of the mirror dual manifold. 
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The mirror partner of a holomorphic symplectic manifold is again holo- 
morphic symplectic. However, a generic deformation of a holomorphic sym- 
plectic manifold does not admit holomorphic curves, so one would expect 
that all Gromov-Witten-type invariants (including the Fukaya category) are 
(in some sense) trivial. 

In this paper we prove the mirror counterpart of this conjecture, for M 
a K3 surface or a compact complex torus. 

Theorem 1.1: Let Mi, M2 be K3 surfaces or compact complex tori of 
dimension 2d. Assume that Mi, M2 are generic in the sense of having no 
non-trivial integer (p,p)-cycles, for < p < 2d, and Ci C2 be the category of 
coherent sheaves on Mi , M2 ■ Then Ci is (non-canonically) equivalent to C2 . 



Proof: See Theorem 11.6 



In the algebraic situation, D. Orlov (Q) studied how the derived cate- 
gory of coherent sheaves behaves when one changes the complex structure of 
a K3 surface. This is not the situation we work in, because generic complex 
structures on hyperkahler manifolds are never algebraic. 

The derived category of coherent sheaves is a weaker invariant than the 
category of coherent sheaves itself. Using the Fourier-Mukai transform, D. 
Orlov shows that the derived categories of coherent sheaves on the projective 
K3 surfaces M and M' are equivalent if and only if the Hodge lattices of 
trancendental cycles in H 2 (M), H 2 (M') are isometric. 

1.2 A plan of the proof 

The proof of [Theorem 1.1] is based on hyperkahler geometry and on the 
theory of reflexive sheaves. A coherent sheaf is called reflexive if it is 
isomorphic to its second dual ([Definition 5.1 ). 



Let M be a compact hyperkahler manifold, and S the 2-sphere of com- 
plex structures induced by the quaternionic action. There is a natural 
S*C/(2)-action on the cohomology H*{M) of M (Lemma 2.3|). A complex 



structure L € S is called generic ([Definition 2.8 ) if all (p,p)-cycles on 
(M, L) are S'C/(2)-invariant. 

In |V1| it was proven that all induced complex structures L £ S outside 



of a countable set are generic (Proposition 2 



If L is generic, then all integer (1, l)-classes are Si7(2)-invariant, hence 



are of degree zero ( Lemma 3.8 ). Therefore, all vector bundles on (M, L) are 
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semistable of degree zero. 1 



Theorem 1.2: Let M be a hyperkahler K3 surface or a compact hy- 
perkahler torus of real dimension 2d. Let Li, L2 induced complex structures, 
and C[, C£ the categories of reflexive sheaves on (ikf, L\) and (M, L2) ( |Def- 
jinition 576 ). Assume that (M, Li) and (M, L2) have no non-trivial integer 
(p, p)-cycles, for < p < <ij^| Then the categories C[, C£ are equivalent. 



Proof: This is Theorem 10.1 



The proof of [Theorem L2 is based on the following idea, which is due to 
Let L be a generic induced complex structure on M. Every bundle on 



(M, L) is semistable. In [ KV | we studied the twistor correspondence, which 
allows one to construct a Yang-Mills bundle Tw(-B) on the twistor space 
from a stable bundle B on (M, L) (see Theorem 6.2| ). This correspondence 
is actually injective: restricting Tw(P) to (M,L) C Tw(M), one obtains 
B again. In |TV| we outline the set of conditions which guarantees that a 
given holomorphic bundle on the twistor space is obtained from a bundle 
with connection on (M, L) (see Theorem 6.2| ). This formalism is functorial; 
we call it the direct and inverse twistor transform. 

In this paper we apply the twistor formalism to the semistable bundles. 
Given a semistable bundle on (M, L) , we lift it to a holomorphic bundle 
on a twistor space, thus obtaining an equivalence between the category of 
semistable bundles on (M, Li) and a certain subcategory of holomorphic 
bundles on the twistor space. 



If we replace the category C b of holomorphic vector bundles by its sub- 
of polystable bundles^], then Theorem 1.2 is well known (see 
The equivalence = Cf* is canonical. 



category C st 



The sphere S 2 of induced complex structures gives a holomorphic em- 
bedding CP 1 Ai, where Ai is the moduli of complex structures on M. 
Let Ii, I2 G j (CP 1 ) be generic induced complex structures. By Theorem 



^Throu ghout this paper, stability, polystability and semistability of vector bundle s and 



coherent sheaves is understood in the sense of Mumford-Takemoto, see 
degree of a coherent sheaf Fona Kahler manifold M is equal to J M c\ (F) A 



Definition 3.3. The 



where 



= dime Af and to is the Kahler form. 
2 This is equivalent to (M,Lj) being Mumford-Tate generic; see Section^ for details. 
" x ' " ■'" ' "'• '•■>••«••:*;•••• •! ;•• •■■>• .<-.«..;«■;.... « direct sum of stable bundles of 



A polystable bundle (Definition 3.3) is by definition 
the same slope 
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1.2, the corresponding categories of holomorphic vector bundles are isomor- 



phic. In |V2] it was proven that any pair of complex Kahler structures 
Ji, I2 G M within the same component of the moduli space can be con- 
nected by a sequence of rational curves of form CP 1 ^ Ai associated with 
a sequence of hyperkahler structures. Moreover, these hyperkahler struc- 
tures can be chosen in such a way that the sequential intersection points 
jkiCP 1 ) n j / i c+ i(CP 1 ) correspond to generic complex structures ( [Theorem 



Therefore, |Theorem 1.2 shows that the category of reflexive sheaves on 



(M, /) is independent from the complex structure /, as long as / remains 
generic. 



1.3 Flat bundles on complex tori 

Let T be a generic compact hyperkahler torus of complex dimension > 2, and 
/ a generic induced complex structure. Then, all coherent sheaves on (T, I) 
have isolated singularities and locally free reflexizations ( |Theorem 8.1| ). 

Denote by C b (T, I) the category of holomorphic vector bundles on (T, I). 
To prove that C b (T,I) is independent from the choice of generic induced 
complex structure I, we produce a (non-Hermitian) flat connection V5 on 
a given bundle B on (T, /), in a functorial way. For B stable, V coinsides 
with the Yang-Mills connection produced by the Uhlenbeck-Yau theorem 
( [Theorem 3.5 ). 



Let I' be an arbitrary induced complex structure. Taking the (0, l)-part 
of Vb with respect to we obtain a holomorphic bundle Bjr over (T, /'). 
We show that this gives an equivalence between the respective categories of 
holomorphic vector bundles C b (M,I) and C b (M,I'), if /' is also generic. 

The singularities are dealt with in the same fashion. For any x € M, we 
identify the neighbourhood Up Up of x in (M,I) and (M, i 7 ) (Subsection 
|7.1| ) . We show that this identification is compatible with the connection V b , 
in such a way that the restriction of B to Ui is equivalent to the restriction of 
Bp to Uf (Subsection 7.1). This allows to "glue in" the isolated singularities 



to B and Bp in a way which is canonical and compatible with Vb- 



The twistor correspondence ( Theorem 6,2j ) gives a way to speak of con- 



nections on B algebraically: we identify the connections with SU(2)-'mv&- 
riant curvature and the lifts of the holomorphic structure from B to the 
twistor space. Throughout this paper, we speak of holomorphic structures 
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on the bundles in the twistor space, but Theorem 6.2 claims that this is the 
same as to speak of connections. 

If we work over a torus, flatness is a more natural condition than SU(2)- 
invariance of the curvature. We propose a way to prove [Theorem 1,2] on a 
torus without using the hyperkahler structure, as follows. 



Let (B, V) be a flat bundle on a complex manifold. Taking the (0, l)-part 
of V, we obtain a holomorphic structure operator on B. This gives a functor 
r from the category of flat bundles to the category of holomorphic bundles. 
In this paper, we construct the "inverse" functor, mapping holomorphic 
bundles to flat ones. 



Claim 1.3: Let T be a compact d-dimensional complex torus, without 
non-trivial integer (p,p)-cycles in cohomology, < p < d, and C b (T) the 
category of holomorphic vector bundles on T. Assume that d > 2. Then 
there exists a functor B — >{B,Vb) from C b (T) to the category of flat 
bundles on T, such that for any B, the holomorphic bundle r(5,V) is 
isomorphic to B, and for B stable, the connection V is Hermitian. 



Proof: This is Corollary 8.% 



It seems that it is possible to deduce the equivalence of the categories of 
vector bundles from |Claim ll3 . We take a vector bundle B and obtain the 
flat connection V on B as in Claim 1.3. We change the complex structure 



I on T to a sufficiently close /' and restrict (-B,V) to (T, /'), obtaining a 
holomorphic bundle Bp on (T, I'). Since the stable bundles correspond to 
flat Hermitian connections, this construction will identify the stable bundles 
on (T,I) and (T, I'). To prove that we obtained an equivalence, it remains 
to show that this functor preserves the Ext 1 -groups (see Corollary 9.7|) . 
However, the Ext classes can be represented by parallel forms on (T,I), 
(T, I'), and as we change the complex structure from I to I', parallel forms 
remain parallel, and the corresponding cohomology classes are non-zero, if 
/' is sufficiently close to I'. 

To prove the equivalence of the respective categories of coherent sheaves, 



we use [Theorem 8.1| , stating that on a generic compact complex torus, all co- 
herent sheaves have isolated singularities and smooth reflexive hulls. To pass 
from a bundle to a coherent sheaf, we need to "glue in" isolated singularities 
to a holomorphic vector bundle B. 

we can introduce flat 



Using the flat structure obtained in Claim 1.3 



coordinates on the tori (T,I), (T,I') in a neighbourhood of a given point 
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x, in such a way that the flat structure on B will be compatible with these 
coordinates. This gives a natural functorial isomorphism between B and Bp 



in a neighbourhood of x. As in the proof of Theorem 11.5, we could "glue 
in" the singularities to B and Bp simultaneously, obtaining the isomorphism 
of the categories of coherent sheaves. 

1.4 Reflexive sheaves on hyperkahler manifolds 



The main motivation of Theorem 1.2| is the following. Suppose that X is 



a complex manifold without divisors. We identify the category of reflexive 
sheaves C r (X) with the category 

limC b (X\S) 5 

where the limit is taken over all increasing sequences of closed complex 
analytic subvarieties S C X, codimx S ^ 2, and C b (X\S) is the category of 
holomorphic vector bundles on X\S which can be extended to X as coherent 



sheaves ( Definition 5.6 ). From this description it is clear that every object 
of C r {X) is a finite extension of a sequence of simple objects. We say that 
an abelian category with this property has finite length, or satisfies the 
ascending and the descending chain conditions. 

Now consider a compact hyperkahler manifold M and let / be a generic 
complex structure induced by quaternions. All complex subvarieties of 
(M,I) are hyperkahler, hence have even codimension ( |V1[ ). Therefore, 
(M, /) has no divisors. The set of simple objects of C r (M, I) is independent 
from / as long as I stays generic (]V4[). The Ext * groups between simple 



objects can also be computed (see proposition 6.3 ), and (at least for locally 



free sheaves) these groups are independent from / as well. We arrive at 
the following situation, which was known in many instances since 1990-ies. 
Given a hyperkahler manifold M , and generic complex structures Ji, I2 in 
the same connected component of the moduli space, consider the categories 
of reflexive sheaves C r (M, Ii) and C r (M, 12). Then 

(i) These categories are of finite length, that is, satisfy the ascending and 

the descending chain conditions. 

(ii) There is a natural equivalence R between the simple objects of C r (M, I±) 

and C r (M,I 2 ) (see rfvj). 

(iii) If M is a K3 surface or a torus, then the differential graded algebra 
Exi*(B,B) is isomorphic to Ext*(i?(-B), R(B)), for any simple object 
B in C r {M,h). 
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The statement (iii) is known only for vector bundles ( ||VC|] ) . Fortunately, 
reflexive sheaves on M are locally free, if M is a generic torus or a K3 



surface (see Theorem 8.1 



It seems that the conditions (i)-(iii) are already sufficient to prove the 
equivalence of the categories C r (M, Ii) and C r (M, I2), so one could prove 



Theorem L2 in an algebraic fashion via the theory of abelian categories. In 
the present paper we work in a different direction. We construct a subcate- 
gory Cf" of the category C r (Tw(M)) of reflexive sheaves on the twistor space 
of M (see Subsection |10.1| ). We show that the natural restriction functor 
from Tw(M) to (M, Ij) induces an isomorphism between Cj w and C r (M, Ii). 
This implies that the categories C r {M,I\) and C r (M, I2) are equivalent. 
Varying the hyperkahler structure, we obtain the same result for all generic 
complex structures. 

1.5 Contents 

This paper is organized as follows. 

• This Introduction explains some ideas used in this paper, in a heuristic 
fashion. 

• In Sections |2| - ^ we recall some results and definitions from the liter- 
ature. We relate some basic facts from hyperkahler geometry, Yang- 
Mills theory and geometry of stable bundles. 

• In Section f|, we study the moduli of complex structures on hyperkahler 
manifolds. We define the Mumfort-Tate generic complex structures 
and show that these can be connected by a sequence of hyperkahler 
structures. 

• In Section || we recall some standard results from the theory of reflexive 
sheaves (see e.g. [ OSSfl ). 



In Section |6| we deal with the twistor formalizm introduced in [KV]. 



Let M be a compact hyperkahler manifold, and I a generic induced 
complex structure. Given a stable bundle B on (M, I), we construct a 
holomorphic vector bundle Tw(-B) on its twistor space. We compute 
the cohomology of Tw(-B) it terms of H*(B). 

In Section [7| we study the local geometry of the twistor space Tw(M), 
using the rational curves on Tw(M). Given a bundle F on Tw(M) 
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obtained from twistor transform, we trivialize F in a neighbourhood 
of (CP 1 \I) C Tw(M), where CP 1 = s x is the curve of form 

CP 1 x {x} C CP 1 x M = Tw(M) 

and I C s x is an arbitrary point. We study the associated trivial- 
izations on the sheaves of differential operators and local cohomology. 
In particular, we prove that a differential operator or a section of the 
local cohomology sheaf in a neighbourhood of s x \I can be extended 
to the whole s x if it is compatible with the trivialization. 

• In Section |8] we study the coherent sheaves on a generic compact com- 
plex torus T, dime ^ 3. We show that all reflexive sheaves on T are 
locally free. We construct a natural flat connection on any holomor- 
phic bundle on T. 

• In Section || we deal with formal properties of abelian categories satis- 
fying the ascending and descending chain conditions (such categories 
are also called of finite length). We define the abelian categories of 
cohomological dimension ^ 1 and give a set of criteria which imply 
that a given category has cohomological dimension ^ 1. Given a func- 
tor of categories of finite length and cohomological dimension ^ 1 , we 
show that it is an equivalence of categories if it is an equivalence on 
the simple objects and on Ext 1 -groups. 

• In Section [K] we show that the categories of reflexive sheaves on (M, /) 
and (M, I') are equivalent if M is a generic K3 surface or a hyperkahler 
torus, and I, I' are generic induced complex structures. For a surface, 
we use the results about local cohomology obtained earlier. For M a 
torus of dime > 2, we use the flat connection constructed in Section || 
on every holomorphic bundle. 

• In Section [ll], we apply the local geometry of the twistor space to 
"glue in" the singularities to vector bundles in a canonical way. This 
is used to show that the category of coherent sheaves with isolated 
singularities and smooth reflexizations on (M, I) is independent from 
the choice of induced complex structure /, if / remains generic. 



2 Hyperkahler manifolds 



In this section we reproduce well known results from hyperkahler geometry, 
for later use. We follow fBesfl and [VI]. 
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2.1 Hyperkahler manifolds and quaternionic action 

Definition 2.1: ( flBesfl ) A hyperkahler manifold is a Riemannian man- 
ifold M endowed with three complex structures /, J and K, such that the 
following holds. 

(i) the metric on M is Kahler with respect to these complex structures and 

(ii) /, J and K, considered as endomorphisms of a real tangent bundle, 

satisfy the relation I o J = —JoI = K. 



The notion of a hyperkahler manifold was introduced by E. Calabi (0). 

Clearly a hyperkahler manifold has a natural action of the quaternion 
algebra M in its real tangent bundle TM. Therefore its complex dimension 
is even. For each quaternion L £ M, I? = — 1, the corresponding automor- 
phism of TM is an almost complex structure. It is easy to check that this 
almost complex structure is integrable ( |BesH ) . 

Definition 2.2: Let M be a hyperkahler manifold, and L a quaternion 
satisfying I? = —1. The corresponding complex structure on M is called 
an induced complex structure. The M, considered as a Kahler mani- 
fold, is denoted by (M,L). In this case, the hyperkahler structure is called 
compatible with the complex structure L. 

Let M be a hyperkahler manifold. We identify the group SU(2) with 
the group of unitary quaternions. This gives a canonical action of SU{2) 
on the tangent bundle, and all its tensor powers. In particular, we obtain a 
natural action of SU{2) on the bundle of differential forms. 



The following lemma is clear. 



Lemma 2.3: The action of SU (2) on differential forms commutes with 
the Laplacian. 

Proof: This is Proposition 1.1 of [ VI | . ■ 

Thus, for compact M, we may speak of the natural action of SU(2) in 
cohomology. 



Further in this article, we use the following statement. 



10 



Coherent sheaves on generic K3 surfaces and tori 



M. Verbitsky, May 17, 2002 



Lemma 2.4: Let w be a differential form over a hyperkahler manifold 
M. The form rj is 5C/(2)-invariant if and only if it is of Hodge type (p,p) 
with respect to all induced complex structures on M . 

Proof: Let / be an induced complex structure, and U/ : U(l) — * SU(2) 
the corresponding embedding, induced by the map R = u(l) — >su(2), 
1 — > I. The Hodge decomposition on A*(M) coinsides with the weight 
decomposition of the J7(l)-action uj. An S'C/(2)-invariant form is also in- 
variant with respect to u/, and therefore has Hodge type (p,p). Conversely, 
if a rj is invariant with respect to uj, for all induced complex structures 
/, then rj is invariant with respect to the Lie group G generated by these 
?7(l)-subgroups of SU{2). A trivial linear-algebraic argument ensures that 



the group G coinsides with the whole SU(2). This proves Lemma 2.4 



2.2 Generic induced complex structures and trianalytic sub- 
varieties 

Let M be a compact hyperkahler manifold, dim^ M = 2m. 

Definition 2.5: Let N C M be a closed subset of M. Then N is called 
trianalytic if is a complex analytic subset of [M , L) for any induced 
complex structure L. 

Let I be an induced complex structure on M, and N C (M, I) be a 
closed analytic subvariety of (M,I), dimcN = n. Consider the homology 
class represented by N. Let [N] £ H 2m ~ 2n (M) denote the Poincare dual 
cohomology class, so-called fundamental class of N. Recall that the hy- 
perkahler structure induces the action of the group SU(2) on the space 
H 2m ~ 2n {M). 

Theorem 2.6: Assume that [N] £ H 2m ~ 2n (M) is invariant with respect 
to the action of SU(2) on H 2m ~ 2n (M). Then N is trianalytic. 
Proof: This is Theorem 4.1 of [IV 111. ■ 



Remark 2.7: Trianalytic subvarieties have an action of the quaternion 
algebra in the tangent bundle. In particular, the real dimension of such 
subvarieties is divisible by 4. 
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Definition 2.8: Let M be a compact hyperkahler manifold, and / an 
induced complex structure. We say that I is of general type or generic 
with respect to the hyperkahler structure on M, if all elements of the group 

H p ' p (M) n H 2p (M, Z) C H*(M) (2.1) 
p 

are S't r (2)-invariant. 



Proposition 2.9: Let M be a compact hyperkahler manifold, and S 
the set of induced complex structures over M. Denote by So C S the set of 
generic induced complex structures. Then So is dense in S. Moreover, the 
complement S\So is countable. 

Proof: This is Proposition 2.2 from [VI] ■ 



Theorem 2.6 has the following immediate corollary: 



Corollary 2.10: Let M be a compact hyperkahler manifold, and I a 
generic induced complex structure. Let X C (M, I) be a closed complex an- 
alytic subvariety. Then X is trianalytic. In particular, X has even complex 
dimension 



Throughout this paper, except Section ||, a weaker form of "generic" 
can be used: we could say that I is generic if all integer (p,p)-cycles are 
S'C/(2)-invariant, for p = 1, 2. 



3 Hyperholomorphic bundles 

3.1 Hyperholomorphic connections 

This Subsection contains several versions of a definition of hyperholomorphic 
connection in a complex vector bundle over a hyperkahler manifold. We 



follow |V0] 



Let B be a holomorphic vector bundle over a complex manifold X, V a 
connection in B and 9 G A 2 ® End(B) be its curvature. This connection 
is called compatible with the holomorphic structure if V 7 (£) = 
for any holomorphic section £ and any antiholomorphic tangent vector field 
7 G T 0,1 (X). If there exists a holomorphic structure compatible with the 
given Hermitian connection then this connection is called integrable. 
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One can define the Hodge decomposition in the space of differential 
forms with coefficients in any complex bundle, in particular, End(B). 

Theorem 3.1: Let V be a Hermitian connection in a complex vector 
bundle B over a complex manifold X. Then V is integrable if and only if 
9 G A 1 ' 1 (X,End(B)), where A^pf, End(B)) denotes the forms of Hodge 
type (1,1). Also, the holomorphic structure compatible with V is unique. 



Proof: This is Proposition 4.17 of [ Kob |, Chapter I. 



This proposition is a version of Newlander-Nirenberg theorem. For vec- 
tor bundles, it was proven by M. Atiyah and R. Bott. 

Definition 3.2: Let B be a Hermitian vector bundle with a connection 
V over a hyperkahler manifold M. Then V is called hyperholomorphic 
if V is integrable with respect to each of the complex structures induced by 
the hyperkahler structure. 



As follows from Theorem 3.1 , V is hyperholomorphic if and only if its 
curvature is of Hodge type (1,1) with respect to any of the complex 
structures induced by a hyperkahler structure. 



As follows from Lemma 2.4, V is hyperholomorphic if and only if @ is 



an 5f7(2)-invariant differential form. 

3.2 Hyperholomorphic bundles, Yang-Mills connections and 
stability 

Definition 3.3: Let F be a coherent sheaf over an n-dimensional compact 
Kahler manifold M. We define the degree deg(-F) (sometimes the degree 
is also denoted by degci(F)) as 



deg(F) 

and slope(F) as 



ci(F) A to 
M vol(M) 



n-l 



slope(F) = — — • deg(F). 

The number slope(-F) depends only on a cohomology class of c\(F). 

Let F be a coherent sheaf on M and F' C F its subsheaf with < rk F' < 
rkF. Then F' is called destabilizing subsheaf if slope(-F') ^ slope(F) 
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A coherent sheaf F is called stable [], or //-stable, if it has no destabilizing 
subsheaves. A coherent sheaf F is called polystable if it is a direct sum of 
stable sheaves of the same slope. A coherent sheaf F is called semistable 
if for all destabilizing subsheaves F' C F we have slope(-F') = slope(-F) 

Let M be a Kahler manifold with a Kahler form u. Consider the standard 
Hodge operator on differential forms, L : 77 — ► wAt). There is also a 
fib erwise- adjoint Hodge operator A (see |GH| ). 

Definition 3.4: Let B be a holomorphic bundle over a Kahler manifold 
M with a holomorphic Hermitian connection V and a curvature € A > (g> 
End(B). The Hermitian metric on B and the connection V defined by this 
metric are called Yang-Mills if 



A(G) = c-Id 



(3.1) 



where A is a Hodge operator, c a constant, and Id 
morphism which is a section of End(B). 



is the identity endo- 



Clearly, the constant c is proportional to the slope of B. Throughout 
this paper, we shall consider only bundles of slope zero. In this case, the 
Yang-Mille equation can be written simly as A(0) = 0. 



The following fundamental theorem provides examples of Yang-Mills 
bundles. 



Theorem 3.5: (Uhlenbeck-Yau) Let B be a holomorphic bundle over a 
compact Kahler manifold. Then B admits a Hermitian Yang-Mills connec- 
tion if and only if it is polystable. Moreover, the Yang-Mills connection is 
unique, if it exists. 

Proof: |JY). ■ 



Remark 3.6: It is easy to see that a connection is Yang-Mills if and 
only if its curvature is harmonic. 



Proposition 3.7: Let M be a hyperkahler manifold, L an induced com- 
plex structure and B be a complex vector bundle over (M,L). Then every 

1 In the sense of Mumford-Takemoto 
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hyperholomorphic connection V in B is Yang-Mills and satisfies A(0) = 0, 
where is a curvature of V. 



Proof: We use the definition of a hyperholomorphic connection as one 



with SC/(2)-invariant curvature. Then Proposition 3.7 follows from the fol- 
lowing elementary observation 

Lemma 3.8: Let £ A 2 (M) be a 5C/(2)-invariant differential 2-form 
on M. Then A^(0) = for each induced complex structure L.0 
Proof: This is Lemma 2.1 of fV0|. ■ 

Let M be a compact hyperkahler manifold, and I an induced complex 
structure. For any stable holomorphic bundle on (M, /) there exists a unique 
Hermitian Yang-Mills connection which, for some bundles, turns out to be 
hyperholomorphic. It is possible to tell exactly when this happens. 



Theorem 3.9: Let B be a polystable holomorphic bundle over (M, I), 
where M is a hyperkahler manifold and / is an induced complex structure 
over M. Then B admits a hyperholomorphic connection if and only if it 
is polystable and the first two Chern classes c\{B) and 02(B) are SU(2)- 
invariant.^] 

Proof: This is Theorem 2.5 of [VC\. ■ 



Definition 3.10: Let M be a compact hyperkahler manifold, / an in- 
duced complex structure, and B a polystable bundle on (M, /). We say that 
B is hyperholomorphic if B admits a hyperholomorphic connection; equiva- 
lently, B is hyperholomorphic if the first two Chern classes c\(B) and 02(B) 
are S't r (2)-invariant. 

From the definition of generic induced complex structures, we immedi- 
ately obtain the following corollary 



Corollary 3.11: Let M be a compact hyperkahler manifold, / an in- 



duced complex structure, which is generic in the sense of Definition 2.5, and 
B a stable bundle over (M, I). Then B is hyperholomorphic. 



2 By Al we understand the Hodge operator A associated with the Kahler complex 
structure L. 



We use Lemma 2.3 to speak of action of SU(2) in cohomology of M. 
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4 Generic complex structures 
on hyperkahler manifolds 

Let M be a compact hyperkahler manifold. In this Section, we follow the ar- 
guments of |V2| (see also JV^ | ) , which were used to establish the equivalence 
between various algebro-geometric structures on (M, I) and (M, J), where 
/ and J are generic complex structures on M induced by a hyperkahler 
structure in the same connected component of the moduli space. 

Given a complex structure I on M, let 1 : H l (M) — > H l (M) be the 
operator mapping a (p, g)-class 77 to y/—l (p — q)rj. This gives a U (l)-action 
u 7 on WiM). 

Remark 4.1: Clearly, a form is of type (p,p) with respect to / if and 
only if it is uj-invariant. 

Let go C End(i?*(M)) be the Lie algebra generated by u/, for all complex 
structures / which are compatible with some hyperkahler structure on M. 
In |V2[ , this Lie algebra was computed explicitly, for M with h (M) = 0, 
h 2,0 (M) = 1 (such hyperkahler manifolds are called simple). We have 
shown that 30 — so( H 2 (M), h), where h is a certain non-degenerate sym- 
metric form on H 2 (M), called the Bogomolov-Beauville form. 



By Remark 4.1, a cohomology class r\ is go - invar i ant if and only if 7/ is in- 
variant with respect to all complex structures / induced by some hyperkahler 
structure. For any cohomology class 77 which is not go- mvar i an t) let C77 be 
the set of all complex structures / which satisfy 11/(77) = 0- Clearly, C v is a 
closed complex analytic subset in the moduli Ai of complex structures on 
M. 

Let S C H* (M, Z) be the set of all cohomology classes which are not 
0O" m variant, and Cs the union of for all rj G S. By definition, Cs is a 
countable union of complex subvarieties of positive codimension. Therefore, 
it has measure zero, and its complement is dense in the moduli space AL 
We obtain the following definition of generic ( | V4 ] ) . 



Definition 4.2: Let M be a compact manifold of hyperkahler type, and 
/ a complex structure which is compatible with some hyperkahler structure. 
Consider the Lie algebra go C End(-£P(M)) defined above. Assume that all 
integer (p, p)-classes on (M,I) are go-i nvar i an t- Then / is called Mumford- 
Tate generic. 
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Remark 4.3: When M is a K3 surface or a torus, M is Mumford-Tate 
generic if and only if M does not have non-trivial integer (p,p)-cycles. 



The following claim is clear from the definition. 



Claim 4.4: Let M be a hyperkahler manifold, and I an induced complex 
structure. Assume that I is Mumford-Tate generic. Then I is generic, in 



the sense of Definition 2.1 



The following theorem is proven in [|V2| ] (see also [|V4|] ) . 

Theorem 4.5: Let M be a compact hyperkahler manifold, and /, I 1 
complex structures of Kahler type which belong to the same connected 
component of moduli space. Then there exists a sequence Hi, Hi, ■ ■■H n 
of hyperkahler structures, and a set Iq = /, hih, —,In+i = I' of complex 
structures on M, such that all are Mumford-Tate generic, and the hy- 
perkahler structure Hi induces the complex structures Ij, 



5 Category of reflexive sheaves 

In this Section we relate several classic results dealing with reflexive sheaves 
and their singularities. The proofs and further details can be found e.g. in 

floss . 

Definition 5.1: Let X be a complex manifold, and F a coherent sheaf on 
X. Consider the sheaf F* := Homo x (F, Ox)- There is a natural functorial 
map pf '■ F — > F**. The sheaf F** is called a reflexive hull, or reflex- 
ization, of F. The sheaf F is called reflexive if the map pf ■ F — * F** 
is an isomorphism. 



Remark 5.2: For all coherent sheaves F, the map pf* '■ F* — * F*** 
is an isomorphism ([OSS], Ch. II, the proof of Lemma 1.1.12). Therefore, 8 
reflexive hull of a sheaf is always reflexive. 



Reflexive hull can be obtained by restricting to an open subset and taking 
the pushforward. 
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Lemma 5.3: Let X be a complex manifold, F a coherent sheaf on X, Z 
a closed analytic subvariety, codimZ ^ 2, and j : (X\Z) X the natural 
embedding. Assume that the pullback j*F is reflexive on (X\Z). Then the 
pushforward j*j*F is also reflexive. 



Proof: This is jOSSj , Ch. II, Lemma 1.1.12. 



Definition 5.4: Let F be a coherent sheaf on a complex manifold. For 

any analytic subvariety Z C X, denote by j : (X\Z) <^-> X the natural 
embedding. Consider the standard sheaf morphism F j*j*F. The 

sheaf .F is called normal if </? is an isomorphism, for all codimZ 2. 



From Lemma 5.3, the following statement is clear. 



Lemma 5.5: ( fOSS ]) Let F be a coherent sheaf on a complex manifold. 



Then F is normal if and only if F is reflexive. 



This leads to the following definition 

Definition 5.6: Let X be a complex manifold without subvarieties of 
codimension 1. The category of reflexive sheaves on X is defined as 

C r {X) := \hnC(X\Z), 

where C{X\Z) is the category of coherent sheaves on X\Z which can be 
extended to coherent sheaves on X, and the limit is taken over all increasing 
sequences of closed subvarieties 

Z C X, codimx Z ^ 2. 



Lemma 5.7: Let F be a reflexive sheaf on M, and X its singular set. 
Then codim^/ X ^ 3 



Proof: This is ggj , Ch. II, 1.1.10 



6 Twistor formalism and cohomology 
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6.1 Twistor spaces 

Let M be a hyperkahler manifold. We identify the 2-dimensional sphere 
S 2 with the set of all quaternions J with J 2 = —1. Consider the product 
manifold X = MxS 2 . For every point x = mx J G X = M x S 2 the tangent 
space T X X is canonically decomposed T X X = T m M © TjS 2 . Identifying S 2 
with CP 1 in a standard fashion, we may assume that S 2 is equipped with 
a natural complex structure. Let I S 2 : TjS 2 — > P/S 2 be the complex 
structure operator. Let Im '■ T m M — ► T m M be the complex structure on 
M induced by J G S 2 C M. 

The operator I x = Im © 2j : TmX — > T X X satisfies I x o I x = — 1. It 
depends smoothly on the point x, hence defines an almost complex structure 
on X. This almost complex structure is known to be integrable (see [paf ). 

Definition 6.1: The complex manifold (X, I x ) is called the twistor space 
for the hyperkahler manifold M, denoted by Tw(M). This manifold is 
equipped with a real analytic projection a : Tw(M) — > M and a complex 
analytic projection ir : Tw(M) — > CP 1 . 

For any / G CP 1 , consider the complex submanifold 7r _1 (/) C Tw(M). 
Clearly, is naturally isomorphic to (M,I). Further on, we shall 

consider (M, /) clS 3j submanifold in Tw(M). 



6.2 Twistor formalism for vector bundles 

Let M be a hyperkahler manifold, and Tw(M) = M x CP 1 its twistor space, 
equipped with a natural (non-holomorphic) projection a : Tw(M) — ► M. 
Given a bundle B with a connection V, we can lift V to the pullback a*B 
to obtain a vector bundle (o~*B, cr*V) with connection. Take a (0, l)-part 



of cj*V. By a Newlander-Nirenberg theorem (Theorem 3.1), the operator 
(<7*V) 0,1 defines a holomorphic structure on o~*B if and only if ((cr*V) 0,1 ) 2 = 
0. 



In [KV|, it is shown that this is equivalent to S'L r (2)-invariance of the 
curvature of the connection V. 

We obtain a functor (twistor transform) 



a* : (B, V) — » (a*B, (a^V) 1 ' ). (6.1) 

It turns out that this functor is invertible: the connection V can be recon- 
structed from the holomorphic structure operator (<t*V) 0,1 . The following 
theorem was proven in |KV| |. 
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Theorem 6.2: The functor (|6.l| ) gives an equivalence of the following 

categories 

(i) Vector bundles B on M with connection V whose curvature 

G G A 2 (M) ® EndB 
is an SU (2)-invariant 2-form on M. 

(ii) Holomorphic vector bundles H on Tw(M) such that for all x G M, the 

restriction of H to a holomorphic curve cj _1 (x) = CP 1 C Tw(JVf) is 
trivial, MS M holomorphic vector bundle: 



This equivalence is called the twistor transform. 



Assume now that M is compact, and let I be an induced complex struc- 
ture. Given a polystable bundle B on (M,I), with ci(-B), 02(B) SU(2)- 
invariant, we can apply [Theorem 3.5| and obtain a unique Yang-Mills con- 



nection V on B. The curvature of V is 5'L r (2)-invariant by Theorem 3.£. 
Consider its twistor transform 



Tw(.B) := (a*B, (c^V) ' 1 ) 



which is defined as in Theorem 6.2j . We obtained a functor 5 — > Tw(B) 



from the category of hyperholomorphic bundles on (M, I) ( pefinition 3.10| ) 
to the category of holomorphic bundles on Tw(M). 

6.3 Cohomology of Tw(5) 

Let M be a compact hyperkahler manifold, I an induced complex structure, 
B a hyperholomorphic bundle on (M, I), and Tw(I?) the corresponding bun- 
dle on a twistor space. Further on in this paper, we construct a holomorphic 
bundle on a twistor space starting from a semistable bundle on (M, /) . For 
this purpose, we need to relate the cohomology of Tw(B) and the cohomol- 
ogy of B. 

Proposition 6.3: Let M be a compact hyperkahler manifold, 

vr : Tw(M) — ► CP 1 
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its twistor space, L an induced complex structure, and B a hyperholo- 
morphic bundle on (M, L). Consider the corresponding bundle Tw(B) on 
Tw(M). Let R 1 tt^(Tw(B)) be the higher direct image of Tw(-B), considered 
as a coherent sheaf on CP 1 . Then 

i?V* Tw(fl) = O cp i (i) 0c 

where H l (B) is the i-th cohomology of B on (M, L). 



Proof: Essentially, Proposition 6.3 is proven in | VC ]. 



Consider an induced complex structure L'. Restricting Tw(B) to 

(M,L') C Tw(M), 

we obtain a holomorphic vector bundle By. Denote its cohomology by 



H l (Bi J '). In [V0| it was proven that H l (B^r) is (non-canonically) isomorphic 
to H l {B). This implies that R l n* Tw(JB) is a holomorphic vector bundle, of 
rank dim H l (B). By Grothendieck's theorem, R l ir* Tw(B) is a direct sum of 
several copies of 0(i), for various %. We need only to show that i?V* Tw(S) 
is a direct sum of several copies of 0(i). 



To prove this, we need to repeat the argument of | VQ] , taking care of the 
dependency of H 1 {Bli) from the induced complex structure L'. 

We say that an SU (2)-representation V has weight i if V is generated 
by the highest weight vectors of weight i. An element v £ V has weight i if 
v belongs to a subrepresentation of weight i. 

Consider the space A\(M) C A l (M) consisting of all z-forms which have 
weight % (by multiplicativity of weight, an i-form has weight ^ i). The space 
A!|_(M) is compatible with the Hodge grading, that is, it admits the Hodge 
decomposition for every induced complex structure I 

AV(M) = ® p+q=i A™ + (M). (6.2) 

In []V5H , the space A^ (M) ® B was studied in great detail. We have shown 
that A!j_(M) <8) i? admits a natural 5'C r (2)-invariant Laplacian A+, when- 
ever B is equipped with a hyper holomorphic connection. Moreover, A + 
is compatible with the Hodge decomposition, and for all induced complex 
structures I we have a canonical identification 

H°; P I (M,B) = HP(B I ) (6.3) 

where ?^ P 7 (M,£) is the space of A + -harmonic forms of type (0,p), and 
H' p (Bj) the space of cohomology of B considered as a holomorphic bundle 
on (M, I). 
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Let 

W :=H P + (M,B) ® c O cp i 

be the trivial vector bundle with the fiber TC^_(M,B). Using the Hodge 
decomposition ( |6.2[) on the space of A + -harmonic forms TiR{M, B), we can 
decompose TL P + {M, B) <g)c ^cp 1 onto its Hodge components^ 



H+ q j(M, B) (6.4) 



By (HD, the bundle R p tt*Tw(B) is identified with the (0,p)-part of 
the trivial vector bundle W = H P + {M, B) ® c O cp i. 

Consider the natural embedding H of TL°^ P I (M, B) to the space 

A°' p (Tw(M)) ® Tw(B) 

of relative Tw(Z?)-valued (0,p)-forms on the space Tw(M). On (0,p)-forms, 
the <SJ7(2)-invariant Laplace operator A + is equal to the usual Dolbeault 
Laplacian 

= dd* + d*d. 

Therefore, H is a holomorphic embedding, and we can reconstruct the holo- 
morphic structure on R p ir* Tw(B) from that on A^' p (Tw(M)) ® Tw(B). 

Since the holomorphic structure on R p ir* Tw(B) = W°' p is compatible 
with the standard embedding 

H : H+ P j(M, B) — » A^(Tw(M)) ® Tw(B), 

the holomorphic structure on RPir* Tw(B) = W°' p is inherited from W, as 
follows. Take a section 1" of W 0,p , and let c^w^, dy^o, P Y be the holomorphic 
structure operator on W, W 0,p applied to V. Then <9 w o, P l" is equal to the 
orthogonal projection of 

d w Y C A 0,1 CP 1 ® W (6.5) 

to C W. 

Using the natural 5C/(2)-action on CP 1 and H P + (M, B), we may consider 
W as an SU (2)-equi variant bundle. Let / be an arbitrary induced complex 

1 This decomposition is not holomorphic. In fact, the Hodge decomposition ( |6.4| ) defines 
a non-polarized variation of Hodge structures on Ti v + (M, B) Cg>c O cp i . 
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structure, and denote by X the Lie algebra element associated with 70. Then 



^ which satisfy T{v) 



is by definition the space of all vectors v £ W 
— 1 w - 

We arrive at the following situation. Let W be an irreducible SU ^-re- 
presentation of weight p, and 

W = W ®c O cp i 

a trivial bundle with an S'C r (2)-equivariant action, induced by the SU(2)- 
action on W and CP 1 . Consider a C°°-subbundle W 0,p C W of all vectors 
v £ Wi which satisfy 

= — 1 V) (6-6) 
and let the holomorphic structure on W 0,p act as in (|6.5| ) . Then Proposition 



6.3 is implied by the following claim, which is a version of Borel-Bott-Weyl 
theorem for the group SL(2). 

Claim 6.4: In the above assumptions, the bundle W 0,p is isomorphic to 
a sum of several copies of 0(p). 



Proof: Clearly, it suffices to prove Claim 6.4 when W is an irreducible 
representation of weight p. In this case, W 0,p is obviously a line bundle. 

Assume that V is an irreducible representation of weight 1, and let V ' 1 
be the line bundle constructed as above from V. From ( |6.6[ ) one can easily 
see that 



By (|6.7D , it suffices to prove Claim 6.4| for p = 1, and W 2-dimensional. 



Consider CP 1 as a space of 1-dimensional subspaces in W. Using the 
action of SU{2) on W, we equip the bunle 0(1) of linear forms on these 
subspaces with a natural S*C/(2)-equivariant structure. Consider a point 
(1,0) G CP 1 corresponding to an induced complex structure I. By defini- 
tion, the Lie algebra element I acts on the line (C, 0) as \/— 1 , hence it acts 
on its dual space as — y— 1 . Since a G-equivariant bundle over a manifold 
with a homogeneous G-action is uniquely determined by the action of the 
stabilizer of a point, we obtain that 0(1) is isomorphic to W 0,1 as an equiv- 
ariant bundle. Therefore, ci(Ty 0,1 ) = ci(0(l)) = 1, and these line bundles 

2 The action of T induces the Hodge decomposition associated with / in a standard 
way. 
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are isomorphic as holomorphic bundles as well. Claim 6.4 is proven. We 



proved Proposition 6.3 



7 Local geometry of the twistor space 

7.1 Twistor lines and local geometry 

Consider the standard holomorphic projection n : Tw(M) 
study Tw(M), we use the space of holomorphic sections 



s : CP 



Tw(M) 



CP 1 . To 



of 7T. Given x G M, we have a tautological section s x mapping / G CP 1 
to (x,I) G Tw(M) = M x CP 1 . Such sections are called the horizontal 
sections of tt, or horizontal twistor lines. A normal bundle to s is 
isomorphic to C(l)® n ( ]HKLR[ |). By deformation theory, this implies the 
following. 



Given two distinct points p, I2 on CP 1 , and two (7.1) 
sufficiently close points x\, X2 G M, there exists a 
unique section s : CP 1 — ► Tw(M) which is close to 
a horizontal sect ion and passes through (Ii,xx) and 



(-^2^2) ( see I V3 ] for a more rigorous version of this 
statement). 

On an intuitive level, the twistor space is very close to a projective space; 
indeed, for M = H, Tw(M) is isomorphic to CP 3 without a line. 

Fix a point xo G M, and the correspoinding point in twistor space 
(I,xo) G Tw(M). We shall study the twistor sections passing through 
(I,xo) G Tw(M) in a neighbourhood of the horisontal section s XQ . 

For every L, L' G CP 1 , let O X0t L, @x ,L' be the ring of germs of complex 



analytic functions on (M, L) and (M,L') in xo- In |V3] we constructed a 
natural isomorphism 

: O XOjL ^O XOji , (7.2) 

associated with the local map \£j : (M, L') — > (M, L) defined in an appro- 
priate neighbourhood of xq as follows. 

Consider a point (m, L') close to (xo, L'). By ( |7. 1| ) , there exists a unique 
twistor section s : CP 1 — > Tw(M) passing through (m, L') and (xq,Pj 
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and close to s xo = {xq} x CP 1 . We define */(m) := s(L) G (M,L) (see 
Figure 1). This map is holomorphic and invertible in a sufficiently small 
neighbourhood of (xo,L') (q.v. WjQ ). 




Figure 1: Constructing ^/ with twistor sections 

Let now B be a bundle on Tw(M) obtained from the twistor transform 
( [Theorem 6.2 ). This means that the restriction of B to any horizontal 
twistor section s x is trivial. Clearly, a small deformation of a trivial bundle 
on CP 1 is again trivial. Therefore, the restriction of B to a twistor section 
close to s x is trivial as well. 

This allows one to extend the map *$>i(L,L') : O XOt L — ► @x ,L' to the 
space of germs of holomorphic sections of B (see [ |V4fl for a more detailed 
construction). We obtain an isomorphism 

^i(L, L', B) : B X0! l — > B XOt Lr, (7.3) 



where B XQ: l and B Xq> l' are spaces of germs of B 



(M,L) 



(M,L) 

B X0 ,L' = Ox ,L' ® B 



and B 



(M,L>) 



(M,L') 



The isomorphisms */(L,L') and *$>i(L,L',B) depend on L, L' G CP 1 holo- 
morphically (q. v. |V4| ). 

Consider the ring O(t w (m)\(m,/)), S:C0 of germs of 0(Tw(M)\(M,/)) i n a 
neighbourhood of 



Sxo \(J,x )cTw(M)\(M,J). 
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Denote the infinitesimal neighbourhood of s XQ \(I, xo) in Tw(M)\(M, I) by 
Tw(M) XOj/ = Spec(O Tw .( Af )\( Afi /) )Sa , ). 

This space is fibered over CP 1 \I with fibers isomorphic to a germ of a 
smooth complex manifold. 

The maps ( |7.2|) produce a canonical trivialization of Tw(M) XOj / over 
CP 1 \/. Denote the trivialization map by 

$ : Tw(M) XoJ -^Sx (CPV) (7-4) 

where S is a germ of a complex manifold isomorphic to any of the fibers of 
the standard projection 

vr: Tw(M) I0 ,/ — CP X \P 

Let £ : Tw(M) Xo j — ► S be the composition of f> and the projection 
S x (CP V) — ► 5 1 - Using the maps *j(L, L', B) of Q, we obtain a trivi- 
alization of B over CP 1 \I. More precisely, we obtain a bundle Ps 
over S, and a natural isomorphism 



B 



= CB S - (7.5) 



7.2 Local trivialization of the sheaf of differential operators 

Let M be a hyperkahler manifold, dime M = 2n, it : Tw(M) — > CP 1 its 
twistor space, x G M a point, := {x} x CP 1 C Tw(M) the corresponding 
rational curve in the twistor space, and B a bundle on Tw(M) obtained from 
the twistor transform. By definition, this means that the restriction of B to 
a curve s x > C Tw(M) is a trivial bundle, for all x' G Fix an induced 



complex structure I. In Subsection 7.1, we have constructed a trivialization 
of B in a neighbourhood of s r \I. In this Subsection we study 

Tw(M)\(M,I) o J. \ j 

the asymptotic properties of this trivialization. 

Let Sx be the ring of germs of 0Tw(M) m a neighbourhood of Denote 
by m Sx the ideal of all functions vanishing in s x , and let Sx be the m Sx - 
completion of Sx . 



1 Any successive extension of the bundles of form Tw(Bi), where Bi are hyperholomor- 
phic, satisfies this condition. 
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We consider Sx with the natural m^-adic topology on it. Clearly, we 
have 

m Sl /m^OiTw(M) s . (7.6) 



Using e.g. Claim 6.4, it is easy to check that the sheaf of conormal (1,0)- 
vectors to s x is 0{— l)® n : 

nlTw(M) ^C(-l)® n . (7.7) 

Taking a symmetric power of ( |7.7| ), and using ( [7.6P ? we obtain 

m^/mi+ 1 ^0(-i)®c5 i (C n ), (7.8) 

where S l (C n ) denotes the i-th. symmetric power of the n-dimensional com- 
plex space C n . 

Consider now the sheaf O* of continuous C^pi -linear homomorphisms 
from Sx to Ocpi. The sheaf 0* x has a natural 0Tw(M)- s tructure; for any 
section 7 e (D* x , 5 G 0Tw(m)> £ G ^s* we write 

5 -7(e) =7(fe). 

This gives a structure of quasicoherent sheaf on (D* x . 

We consider Ot as an infinite-dimensional vector bundle on CP 1 . The 
trivialization of O s outside / gives a trivialization of Sx outside 1. How- 
ever, the bundle Sx is very negative by (|7.8| ), and therefore admits no non- 
trivial sections. By the same reason, the bundle 0* x is very positive, hence 

it admits many sections. One should expect that any section of Ot 

J f J S x C pl\j 

compatible with a trivialization can be extended to CP 1 . The aim of this 
section is to show that this is indeed so. 

Definition 7.1: Given a bundle F on CP 1 with a trivialization 



cpi\ 



and a section / € F 
ization if there exists / £F such that 

/ = 1 ®c / e Ocpiy 



, we say that / is compatible with the trivial- 
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Consider the sheaf 



Bt 



B* 



where B is a bundle on Tw(M) considered in the beginning of this Subsec- 



tion, and B* its dual. Using the arguments of Subsection |7. 1| , we obtain a 
natural trivialization of B* over Ci- >1 \7. We study the asymptotical be- 
haviour of this trivialization. 



Proposition 7.2: In the above assumptions, let r £ B* x ^ be a 
section which is compatible with the trivialization. Then r can be extended 
to a section r of B* . Moreover, r vanish at I. 



Proof: To prove Proposition 7.2, we interpret B* in terms of differential 
operators. 



Definition 7.3: Let A be an algebra over the ring B, and M, N 
A-modules. Following Grothendieck, we define the space Da b(M, N) C 
Hom^Af, N) of B-linear differential operators from M to N inductively as 
follows. 

An 0-th order differential operator / E D® A B (M, N) is an ^-linear map 
from M to iV. An ra-th order differential operator 5 : M — * N is a B- 
linear map such that for all a £ A, the commutator [a, 5] is an (n — l)-st 
order differential operator. The commutator [a, 5] : M — > N is defined as 
follows: 

[a, 8}(m) = 5(am) — aS(m). 



The following observation is quite elementary. 



Claim 7.4: In the assumptions of Proposition 7.2| , the sheaf B* x is 
naturally isomorphic to the sheaf 

D Tw(M) ,o Cpl ( B >°sJ 

of 0cP 1 ~ nnear differential operators from B to the structure sheaf Sx of 
s x C Tw(M), considered as a C?Tw(M) -module. 

Proof: Denote by 

D n (B,0 Sx )cDo T ^ MhOcpi (B,0 Sx ) 
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the sheaf of n-th order differential operators. Since 
Bl * lim Rom .(B/mi x B), 



to prove Claim 7.4 it suffices to show that D n (B,O gx ) is dual over O^pi 
to B/rn^gB, and that this duality is compatible with the corresponding 
arrows. 

Take b G B /m" +1 .B, and let b G B be its representative. Given 5 G 
D n (B,0 Sx ), we define (b,S) := 5(b). Since 5 is of n-th order, {b, 6) is in- 
dependent from the choice of b G B. Clearly, for all 5 ^ there is b such 
that (6,(5) 7^ 0. Comparing the dimensions of D n (B,0 Sx ) and B/m™+ l B, 
considered as a finite-dimensional bundles on CP 1 , we find that this pairing 
is non-degenerate. We have shown that D n (B,0 Sx ) is dual to B/m^B. 
Claim 7.4 is proven. ■ 



Now let D G D n (B,0 Sx ) ^ be a differential operator which is com- 
patible with the trivialization. We shall describe D in explicit terms as 
follows. 

Let L ^ / be an arbitrary induced complex structure, and Ul the germ 
of (M, L) at x G M. For any y £ U L , let r y : CP 1 — > Tw(M) be the 
unique line close to s x and passing through (y,L) and x,I G Tw(M). This 

gives a map C/ L x CP 1 -^-> Tw(M), (y, L') — ► r^L') (see Figure 2). 




Figure 2: The map U L x CP 1 Tw(M) 
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Given a differential operator D\ : B 



Ojj l , consider the operator 



D 1 --D^id : E*(B ) 



O 



UlxCP 1 



We define the operator 



3(a) g £>o. 



Tw(M),0. 



(B,O s 



as follows: given a section b £ B, we take the pullback S*(6), apply L>i and 
then restrict to 

s x = {x} x CP 1 C U L x CP 1 = Tw([/ L ). 
Tracing back to the definition, we obtain that the differential operator 



D G D , 



Tw(M),O r 



e with the trivialization if and only if D is constructed as above: 
cpi i ' w ^ ere where D_y is a differential operator on Ul- When 



is compatib 
D = H(a) 

D is a first order differential operator, that is, a vector field, this can be 
illustrated by the following picture (Figure 3) 




Figure 3: First order differential operator trivialized by local twistor geom- 
etry 

In Figure 3, the little arrows represent the vertical vector field corre- 
sponding to D = H(Z? 1 ). To differentiate a function / along D, we look how 



,(L') changes as y goes along the vector field on Ul- Now Proposition 



7.2| is apparent: given a differential operator D_ l on Ul, and a germ of B 
around s x C Tw(M), we define H^D 1 )(6) as above, and the differential op- 
erator 5(.D 1 ) extends from CP 1 \I to CP 1 in a natural way (in Figure 3, the 
vector fields D vanishes at I). [Proposition 7,2 is proven. ■ 
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7.3 Twistor space and cohomology with support 

Given a coherent sheaf F on X and a finite set A C X, let TC l A (F) be the 
sheaf of cohomology of F with support in A. Further on, we shall need the 
following characterization of the cohomology with support. 

Proposition 7.5: (Grothendieck's local duality) Let X be a compact 
complex manifold, A C X a finite subset, and B a holomorphic bundle 
on X. Then 7i l A {B) = for all i 7^ dimX. For i = dimX the sheaf 
7i l A (B) can be expressed as follows. Take the completion Ox,A of Ox in 
^4-adic topology. Consider the dual space Homc(Ox,A 5 C) of continuous 
C-linear maps from Ox,A to C, equipped with a natural Ox-action. Let 
Da ■= Home (Ox, A, C) 0^ i^x be the product of Home (Ox, A, C) with the 
canonical sheaf. Then 7i A {B) is naturally isomorphic to D^. 



Proof: See JGTI[, §4, Example 3. 



From Proposition 7.5 we can easily obtain the following corollary. 



Corollary 7.6: Let X be a compact complex manifold, F a coher- 
ent sheaf on X and Z <Z X a, non-empty complex analytic subset. Then 

H n {X\Z, F ) = 0, for n ^ dim c X. 



Proof: See pH| , Theorem 6.9. 



Remark 7.7: The statement of Corollary 7.6| is often formulated as 
follows: one says that X\Z has cohomological dimension at most 
dimX - 1. 

Let M be a compact hyperkahler manifold, / an induced complex struc- 
ture, A a finite set, and B a hyperholomorphic bundle on M. We study 
the cohomology of the holomorphic bundle Tw(£>) t . Consider B as 

a holomorphic bundle on (M, I). Let j : (M\A) t — > M be the natural 
embedding. For an acyclic sheaf J 7 , consider the exact sequence 

— ► H A {T) — ► F — > fT — ► 

The corresponding long exact sequence gives 

H\(B) — . H\B) — ► ^(rB) — ► ffi(B) (7.9) 
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For dim c M > 2, we have H\{B) = H\(B) = ( propositionT^ ). Then 



flfj) implies H l (j*B) ^ H 1 {B). For dim c M = 2, the situation is different. 
We have a long exact sequence 

— ► H X {B) — ► H l (j*B) — ► H\(B) — ► H 2 (B) — ► H 2 {j*B). 



However, the cohomological dimension of M\A is ^ 1 by Porollary 7.6 , 
hence H 2 (j*B) = 0. We obtain the following result. 

Corollary 7.8: Let X be a complex surface, B a holomorphic vector 
bundle, and A a non-empty finite set. Then we have an exact sequence 

— ► H l (B) — ► H\j*B) — ► H\(B) — ► H 2 (B) — ► 0. (7.10) 



The main result of this Subsection is the following 

Proposition 7.9: Let M be a hyperkahler manifold of real dimension 
4, Tw(M) CP 1 its twistor space, / an induced complex structure, 

A C M a finite set, and B a hyperholomorphic bundle on M. Consider B 
as a holomorphic bundle on (M, I). Let Tw(B) be the twistor transform of 
B. Denote by Tw A (B) the restriction of Tw(B) to Tw(M\A). Then 

F^TwaC-B)) =0 for i > 1. (7.11) 

Moreover, we have an exact sequence of sheaves on CP 1 

— » ff 1 ^) 0c 0(1) — » i?V* Tw A (fi) 

0Homc(0 Sxi ,C)(8) OTwCM) Tw(S) 

^©(cp 1 ) ^(2) (7.12) 

-^H 2 (B) ® c 0(2) ^0 

where Sa: . is the s Xi -adic completion of 0t w (M)> an d Sz; C Tw(M) is the ra- 
tional curve Xi x CP 1 C Tw(M), and Homc(0 Sl . , C) the sheaf of continuous 
(in adic topology) C pi -linear homomorpisms from (D Sx . to 0cpi- 



Proof: The exact sequence ( |7.12[ ) is a relative version of ( [7.10 ). By 



Proposition 6.3, we have R l 7T Jf Tw(B) = H l {B) f^c 0(^)j this gives us the 
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rightmost and the leftmost term of the exact sequence (7.12). To prove 
( |7.12| ) it remains to show that 

HomePC) ®o Tw(Af) Tw(B) ® 0(cpl) 0(2) 

xi&A (7.13) 

The fiberwise canonical class of Tw(M) is 0(2) because the normal bundle 
to s Xi is 0(1) © 0(1)- Therefore, (|7.13| ) is implied by Proposition 7.5 . 



To prove that H 2 (Tw A B) = 0, notice that R 2 ir* Tw A (B) = because 
the fibers of tt : Tw(M\A) — > CP 1 have cohomological dimension Sj 1 
( porollary 7.6| ). Therefore, 

H 2 (Tw A (B)) = H^R 1 ^ Tw A (B)). (7.14) 

On the other hand, the sheaf R l i:* Tw A (B) can be obtained in an explicit 
way from the exact sequence ( [7.1 2| ) as follows. 

Consider the s Xi -adic filtration on Sx .. The associated graded sheaf is 
isomorphic to ffijtni" /m^, where m Sj is the maximal ideal of s Xi . However, 

mi-V< = O(-j) © c S j Alf(M, I), 

because miT /m J Si is the j-th symmetric power of 

m Si /m^=A^°(Tw(M)) s =N*(s Xi ) 

x i 

and the normal bundle N(s Xi ) is isomorphic to 0(1)® 2 . 
The m s -adic filtration on 0« induces a filtration on 

Rom c (d Sx ., C), 
with the associated graded quotient sheaves isomorphic to 

0(j) ® c S j T*f(M,I) 
These bundles are positive, for all j. This allows us to represent 

HomePC) 
as a direct limit of of positive bundles: 

Rom c (6 Sxi X) = lim Hom c (0 S;c ./mi., C), 
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with all Homc(0 Sa .. /iris- , C) admitting a filtration with positive associated 
graded quotients, hence positive. We obtain that Hom<c(0 S;Ci , C) is a direct 
limit of positive bundles. From the exact sequence ( [f.l2|) we obtain 

— » B\B) © c 0(1) — » i?V Tw A (£) 

— » © Qfc O(afe) — » # 2 (#) © c 0(2) — > 0, (7.15) 
a k > 2. 

This implies immediately that i? 7r* Twyt(2?) is a direct sum of 0(fc) with 
k ^ 1, and its first cohomology vanish. Now (|7,14 ) implies -ff 2 (Tw^(.B)) = 



0. We proved Proposition 7.9. 



Let M be a hyperkahler manifold, and x £ M the point. By C Tw(M) 
we denote the rational curve CP 1 x {x}. Consider the local cohomology sheaf 



D Sx ■= n^ M (0 Tw(M) ) = Horned, C) ® Ctw(m) K n (Tw(M)) 



(the last equality holds by Proposition 7.5| ). Using (|7.4|), we can trivialise 



the infinite-dimensional bundle Sx outside of I in a natural way. This gives 
a trivialization of D Sx outside of I (the bundle K n (Tw(M)) = 0(dimcM) 
is trivialized by taking the sections which have a zero of order n in I). 
Given a hyperholomorphic bundle B on M, we obtain a trivialization of 
Tw(.B) in a neighbourhood of s x \I C Tw(M)\(M, I) (see (|J)). This gives 
a trivialization of the term 

Hom c (0^,C) ®o Tw(M) Tw(B) ® (cpi) 0(2) 



from the exact sequence (|7Tl2| ). The sheaf i? 2 ^ Tw(5) = # 2 (5) © c 0(2) 
is trivialized outside I by taking the sections with second order zeroes at /. 
We obtained a trivialization of the sheaf 



ker ( HomePC) <g> OTw(M) Tw(B) ® 0{cpl) 0(2) 
i? 2 7r, Tw(B) J 



Corollary 7.10: In the above assumptions, let v be a section of the 
sheaf ( 7.16| ) which is compatible with the trivialization constructed above. 
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Then v van be extended to a holomorphic section of the sheaf 
ker ( Homc(4 Xi ,C) ® 0tw(m) Tw(fl) ® 0(C pi) 0(2) 

> i? 2 7T* Tw(£)^ . 

on CP 1 . 



Proof: Follows immediately from Proposition 7.2 



8 Coherent sheaves on generic compact tori 

8.1 Reflexive sheaves on generic complex tori are bundles 

Theorem 8.1: Let T be a compact complex torus, dime T > 2. Assume 
that HP'P(T) n H 2 p(T,Z) = 0, for all < p < dim c T.[] Then all coherent 
sheaves on T have isolated singularities and smooth reflexive hulls. 

Proof: Consider a coherent sheaf F on T. Since T has no non-trivial 
integer (p, p)-cycles, all subvarieties of T are finite sets of points. Therefore, 
F has isolated singularities. It remains to prove that the reflexive hull 
E = F** is smooth. The following argument is well known (see e.g. |Voi| ) . 



Lemma 8.2: Let T be a compact complex torus with no non-trivial 
integer (p,p)-cyc\es, for < p < 3, and E a reflexive coherent sheaf on T. 
Then E is a bundle. 

Proof: We may assume that dime ^ 3. Since T has no non-trivial inte- 
ger (p, p)-cycles, the first Chern class of all sheaves on T vanishes. Therefore, 
all coherent sheaves on T are semistable. Consider a filtration 

= E C E x C ... C E n = E 

with all the subfactors Ei/E^-x stable. First of all, we show that the reflex- 
izations of the sheaves Ei/Ei_x are smooth, for all i. By construction, these 
sheaves are stable. Assume that E is stable and reflexive. 



In [BS|, Bando and Siu construct a canonical Hermitian Yang-Mills con- 
nection V on the non-singular part of any stable reflexive sheaf on a com- 
pact Kahler manifold X, with L 2 -integrable curvature 0. Such a connection 

1 This is equivalent to T being Mumford-Tate generic. 
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(called admissible Yang-Mills) is unique. In pSj ] (see also 0) it was proven 
that the L 1 -integrable form Tr(0A0) (considered as a current on the Kahler 
manifold X) is closed and represents the cohomology class 

[6] = c 2 (E) - r -^ci(E) (8.1) 



Consider the standard Hodge operator A on differential forms (sec pcfini- 
tion 3.4] ). Since V is Yang-Mills, we have 



A 2 (B 2 ) ^ 0, (8.2) 

and the equality is reached only if O = 0.0 Comparing (^^) and ( |8.2[) , and 
using c\(E), 02(E) = 0, we obtain that O = 0, that is, V is flat. Since E 
is non-singular in codimension 2, V has no local monodromy. Therefore, 
(E, V) can be extended to a flat holomorphic bundle on T. By [Lemma 5Y7 , 
this extension is a reflexization of E. 

We proved that E** is smooth, for all stable coherent sheaves E on T. 
This implies that any vector bundle E on T is filtered by subsheaves Ei, with 
the quotient sheaves EijE^x all having smooth reflexizations. Replacing Ei 
by its reflexization E** C E, we may assume that al Ei are reflexive. Using 
induction, we may assume also that E n _\ is smooth. 

We have an exact sequence 

— ► E n _\ — > E — > E n /E n ^i — > 

with E n _\ smooth, E reflexive, and F = E n jE n -\ a stable sheaf having (as 
we have shown above) a smooth reflexization. 

Then E is given by a class v 6 Ext 1 (i ? , E n _i). Consider the exact 
sequence 

— >F — > F** — >C — >0 

where C is a torsion sheaf (cokernel of the reflexization map) . This gives a 
long exact sequence 

Ext 1 (F**, £"„_!) — > Ext 1 (F, £■„_!) Ext 2 (C7, E n ^) (8.3) 

The kernel of 5 in ( |3.3j ) corresponds to all extensions 7 G Ext 1 (i ? , E n _\) 
with a reflexization isomorphic to an extension of F** with E n -\. Clearly, 



2 This is the celebrated Lubcke inequality Lii|, which implies flatness o f sta ble bundles 
with zero Chern classes and the Bogomolov-Miyaoka-Yau inequality; see JBS| , Q 
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such extensions are reflexive only of C = 0. To prove that C = 0, it 
suffices to show that 5{v) = 0. However, C is a torsion sheaf, therefore its 
support S is a finite set. By Grothendieck's duality ( Proposition 7.5 ), the 



group Ext 2 (C, E n -i) C Hg(E n -x) vanishes, for dimT > 2. Therefore, E is 
smooth. This proves |Lemma 8.2| . ■ 

The same argument also proves the following corollary. 

Corollary 8.3: In assumptions of Lemma 8.2| , let 



— >F X — ► F 2 — ► F 3 — > 
be an exact sequence of coherent sheaves, with F\, F% reflexive (hence, by 



Lemma 8.2 , locally free). Then the sheaf F$ is also locally free. 



Let T be a compact complex torus of complex dimension > 2 which has 
no non-trivial integer (p, p)-cycles, < p < 3. Since c\(B) = for any 
sheaf B on T, any sheaf on T is semistable. Consider the Jordan-Holder 



filtration, with polystable associate quotient sheaves B{. By [Lemma 8.2| , the 
reflexization B** is a bundle. However, the sheaves B{ are not necessarily 
bundles. Indeed, let $7 C C n be a Stein domain, and consider an extension 

0^O n -^B-^On(x)^0 (8.4) 

where Oq(x) is a kernel of a non-zero map — > k x from On to a sky- 
scraper sheaf. If (|8.4j ) is non-trivial, then B is a bundle, as one can easily 
check. It is easy to construct such an extension for n = 2. However, over a 
generic complex torus of dimension > 2 this situation is impossible, as the 
following trivial proposition implies. 

Proposition 8.4: Let T be a (f-dimensional compact complex torus, 
d ^ 3. Assume that T has no non-trivial integer (p, j?)-cycles: 

H p,p( T ) n H 2p {T, Z) = 0, for < p < d. 

Then any holomorphic vector bundle on T admits a locally free filtration by 
holomorphic bundles with associated graded sheaves locally free of rank 1 . 

Proof: Consider a Jordan-Holder filtration 

= F cFiC...CF n = B, 
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with associated graded sheaves stable. If F{ are not reflexive, we replace 
Fi by F** C B. Therefore, we may assume that the sheaves Fi are reflex- 



% 

ive. 



Corollary 8.3 implies that for all i, the quotient Fi/Fi—i is a bundle. 
These bundles are also stable, and therefore admit a Yang-Mills metrics. 
By Liibcke's (also Bogomolov's and Simpson's) argument (Q) a Yang-Mills 
connection on a bundle with the zero Chern classes c\, C2 is flat. Thus, it cor- 
responds to an irreducible unitary representation of 7ri(T). However, vri(T) 
is abelian, hence all its irreducible unitary representations are 1-dimensional. 



We proved that is a line bundle. Proposition 8.4 is proven 



Consider a holomorphic vector bundle B on a compact complex <i-di- 
mensional torus T with 

H p ' p (T) n H 2p {T, Z) = 0, for < p < d. 

In this Subsection we prove that B admits a natural flat connection V 
compatible with a holomorphic structure. If V is flat and Hermitian, then 
it is Yang-Mills. In this case, B is polystable by Uhlenbeck-Yau theorem 
( [Theorem 3.5 ). 



Generally speaking, B is not stable, and V is not Hermitian. 

Let Bi, B2 be flat holomorphic Hermitian vector bundles on T. Using the 
Hodge theory, we identify Ext^-Bi, -B2) with the space of harmonic (0,1)- 
forms with coefficients in Hom(i?i, B2). The maximum principle implies 
that any harmonic Hom(I?i, i^-vahied form is parallel with respect to the 
natural flat connection on A 1 (M) £g> B^ £g> B2 ■ Let B be the Yoneda extension 
of B2 with B\ \ 

— >Bi — >B — >B 2 — ►(). (8.5) 

The holomorphic structure operator in B can be written explicitly as follows. 
Let v E H. ' 1 (Kom(B2, Bi) be the harmonic representative of the extension 
class defining ( |8.5|) , and d±, 82 the holomorphic structure operators on B\, 
B2, 

fy: Bi — * Bi ® A 0,1 (M). 

Consider the holomorphic structure operator d gr := 81+82 on B gr : = 
B\ © B2. We define an operator 

8: Bpr— ►B flr ®A°' 1 (M) 
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as 

d := d gr + v 

where 

v G n°' 1 {Rom{B 2 ,B 1 )) C A^^End^)) 

is understood as a connection form. We have 

d 2 = d gr {v) + 2v Nv = (8.6) 

(this is the famous Maurer-Cartan equation). Therefore, d is a holomor- 
phic structure operator. Clearly, the holomorphic bundle (B\ ® B2,d) is 
isomorphic to B. 

Given an arbitrary harmonic form v G "H 0,1 (End(-B gr )), the Maurer- 
Cartan equation (|8.6[) will not, generally speaking, hold. The main purpose 
of deformation theory is to find its solutions in terms of the cohomology 
classes. 

However, over a torus we may use the flatness of harmonic representatives 
to obtain the solutions of (^1]) in a straightforward way. The following 
theorem is the main result of this Subsection. 

Theorem 8.5: Let T be a compact complex torus, Bi,...B n flat holo- 
morphic Hermitian vector bundles and B a holomorphic vector bundle with 
a filtration 

= E CE 1 C ...CE n = B, 
such that Ei/Ei-i = B{. Then the following assertions are true. 

(i) The holomorphic structure on B can be obtained as follows. Identify B 
with B gr := ®Bi as C°°-bundle. Then there is a cohomology class v 

v G Ext 1 ^, Bj) C Ext 1 (B gr , B gr ) (8.7) 

i>j 

such that the holomorphic structure operator in B is written as 

d = dgr + i/o, (8.8) 

where d gr is the holomorphic structure operator on B gr , and vq G 
A 0,1 (End(i? 9r )) denotes the harmonic representative of v. 
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(ii) The class v G (Bi>j Ext 1 (Bj, Bj) is unique up to an automorphism of 

the bundle B gr = ©.Bj preserving the filtration 

B 1 C B l © B 2 C ... C ©i^fli C ... 

(iii) Given an arbitrary cohomology class 

1/ G 0Ext 1 (B i ,B j ) 

with i/ 2 = 0, we can reconstruct the holomorphic bundle B as fol- 
lows: B is identified with B gr as a C°°-bundle, and the holomorphic 



structure operator in B is defined as in (S. 



Remark 8.6: By Proposition 8.4, on a complex compact torus T of 



complex dimension d > 2 with 

H P ' P (T) n H 2p (T, Z) = 0, for < p < 3, 

every vector bundle can be obtained this way. Moreover, in this situation, 
the bundles Bj can be chosen 1-dimensional. 



Proof of Theorem 8.5| : Write the holomorphic structure operator on 
B as d = d gr + z?, where v is a (0,l)-form with values in 

©fc^A ' 1 ^, Hom(£i, Bj)). 

The form v satisfies the Maurer-Cartan equation (|S.6|), However, this form 
is, generally speaking, not harmonic. Every automorphism g G Endi^,. 
acts on v as v — ► g(y) + d gr (g) (this is the well-known gauge action). To 



produce v with the properties described in [Theorem 8.5| (i), we need to find 
a correct gauge transform. 

Consider the group (C*) n acting on B gr by diagonal automorphisms, in 
such a way that the i-th component of (C*) n acts trivially on Bj C B gr 
for i ^ j, and multiplication by a% on B{. 

We shall write the action of (C*) n on A 0il (End(i?c, r ) as follows. Let 

v G A°' 1 (End(S 9r ) = ffi^A - 1 ^,^), 
v := "Hi % e A 0,1 ^, Bj) 
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If a G (C*) n , a = n^Oi, then 



The group (C*) n acts in this fashion on the solutions of Maurer-Cartan 
equation, and maps every solution to an equivalent one. If a» ay for all 
i > j, then a maps 

v G © < >^A ' 1 (T,Ham(.B i ,.B i )) 

to a form which is arbitrarily small. 

Consider the local deformation space Dei(B gr ) for B gr , constructed in 
[ pT| . The above argument implies that every neighbourhood of the point 
[B gr ] G Def(-B ff7 .) contains a bundle which is isomorphic to B. 

Let E be a holomorphic vector bundle over a compact Kahler manifold. 
The local deformation space T)ef(E) can be constructed explicitly in terms 
of Massey products as follows. 

One can define the Massey products as obstructions to constructing a 



solution of the Maurer-Cartan equation (see e.g. [BT], or May | , [Re] for a 
more classical approach). Locally, Def(-E') is embedded to the vector space 
Ext 1 (E,E), and the image of this embedding is a germ of all vectors 9 G 
Ext 1 (-E, E), such that 9 A 9 = and all the higher Massey products of 8 
with itself vanish. 

Fix such a vector G Ext 1 (E, E) . We construct the corresponding vector 
bundle Eg G Def(E) using the Hodge theory as follows (see e.g. [|V(J). 

Let #o £ Tt 0,1 (Jiom(E, E)) be the harmonic representative of 9. Using 
induction, we define 



% A Bj 



i+j=n—l 

where Gq is the Green operator inverting the holomorphic structure operator 

8: A°' k ®E — ► A ' 1 (g> E. 

on its image. The Green operator Gg is compact. This can be used to show 
that for 9 sufficiently small, the series 9 := converges. The vanishing 
of Massey products is equivalent to the following condition 



d9 n = -\ 



2 ^ -»•■■'*> 

i+j—n—l 
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which is apparent from the definition given in [BT|. In this case, we have 



86 = --9 A 9 
2 

and 9 is a solution of the Maurer-Cartan equation ( |8.6|) . Therefore, the 
operator dg = d + 9 satisfies d d = 0, and by Newlander-Nirenberg theorem 



( [Theorem 3.1 ) this operator defines a holomorphic structure on E. On 



the deformation space Def(-E) C Ext 1 (i?, E), the point 9 corresponds to a 
bundle (E,d$). 

Now we return to holomorphic bundles over a compact torus and the 
proof of Theorem 8,5| . We obtain that B is given by some v 6 Ext 1 (i? 5r , B gr ). 



Since B and ®B{ have compatible nitrations, by functoriality we may assume 
that 

v £ ®i > jEyit 1 (Bi, Bj). (8.9) 

The higher Massey operations in Ext*(.B ffr , B^) vanish, because the bundle 
Bg T is flat (the same proof works as was used in [DGMS]; see also [ GMfl ). 



Therefore, B can be reconstructed from v for any v such that the cohomology 
class v A v vanishes. Pick a harmonic representative vq of v. Since B gr is 
flat, vq is parallel. Therefore vq A vq is also parallel, hence harmonic. We 
obtain that the cohomology class of vq A v§ vanishes if and only if this form 
vanishes identically. 

Starting from a bundle B with a filtration satisfying the assumptions of 
Theorem 8.5 , we have constructed a cohomology class v £ Ext 1 (Bi, Bj), 



with u A v = 0. The harmonic representative vq of v satisfies vq f\ vq = 
0. Therefore, v$ is a solution of Maurer-Cartan equation, and d gr + vq is 



equivalent to the holomorphic structure operator of B. This proves [Theorem 
8.5| (i). [Theorem 8.5| (ii) is clear by functoriality of our construction, and 
Theorem 8.5| (iii) is obvious. ■ 



We also obtained the following corollary. 

Corollary 8.7: Let B be a holomorphic vector bundle on a compact 
torus T, dime T > 2, 

H p ' p (T) n H 2p (T, Z) = 0, for < p < 3 

Then B admits a flat connection compatible with the holomorphic structure. 
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Proof: By Proposition 8.4, B admits a filtration satisfying the assump- 
tions of Theorem 8.5 . Let v$ G A 0,1 (End(i? 9r .)) be the (0, l)-form which 
defines the holomorphic structure on B as in (|3.8]): 

d = d gr + v , 

and let V 9r be the standard flat Hermitian connection on B gr . Then the 
connection V := V ' gr + uq is flat. By construction, the (0, l)-part of V is 
equal to the holomorphic structure operator on B. ■ 



The form vq is called the Higgs field of the holomorphic bundle 



B. 



9 Yoneda extension in abelian categories 

In this Section we study abelian categories of finite length, in quite an ab- 
stract setting. Further on, these results are applied to the category of re- 
flexive sheaves on a hyperkahler manifold. 

9.1 Abelian categories of cohomological dimension ^ 1. 

Definition 9.1: Let C be an abelian category. An object B £ C is called 
simple if it has no proper sub-objects: for all B' C B, either B' = B or 
B 1 = 0. An object B is called semisimple if B is a direct sum of simple 
objects. 

An abelian category C is called of finite length if every object B E C is 
a finite extension of simple objects. Equivalently, C is of finite length if any 
increasing or decreasing chain of sub-objects of B stabilizes, for all B G C.Q 

Let C be an abelian category. Denote by Ext 1 (B, B') the group of Yoneda 
extensions from B to B' . Given an exact sequence 

— ► B x — ► B 2 — ► B 3 — ► 

we have the exact sequences 

— ► Hom(5 3 , B) — ► Hom(S 2 , B) — ► Hom(Bi, B) — > 
— ► Ext\B 3 , B) — ► Ext 1 ^, B) — ► Ext 1 (5 3 , B) ' ' 

1 One also says C satisfies the ascending and descending chain condition. 
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and 

— ► Hom(J3,5i) — ► Hom(J3,5 2 ) — ► Hom(B,B 3 ) — ► 
— > Ext x (S,5i) — ► Ext 1 (B,B 2 ) — ► Ext 1 (B,B 3 ). " , " ! 

The following elementary claim is well known 

Claim 9.2: Let C be an abelian category. Then the following conditions 
are equivalent: 



(i) The exact sequences ( |9.1| ), ( |9.2| ) are left exact 

(ii) The second Yoneda extension group vanishes identically 

(iii) Any exact sequence of length 4 splits onto a direct sum of two exact 
sequences of length 3. 



Definition 9.3: Let C be an abelian category satisfying the conditions 



(i)-(iii) of Claim 9.2 , We say that C has cohomological dimension 1. 
The following lemma is quite easy. 

Lemma 9.4: Let C be an abelian category of finite length. Assume that 



the exact sequences (9.1), (|9.2[) are left exact for all semisimple B,B%. Then 



C is of cohomological dimension ^ 1. 

Proof: Define the length of an object F E C as a length of a minimal 
filtration on B with semisimple associated graded factors. We denote the 
length of F by 1(F). 

We prove [Lemma 9.4| by induction by 1(B), l(B{). By assumptions 



of Lemma 9.4, the second Yoneda extension ~Ext 2 (B,B') vanishes for all 
semisimple B,B'. We need to show that Ext 2 (i?,-B') = for arbitrary 
B,B'. Using induction, we may assume that this group vanishes for all 
B, B' with 1(B) < n, l(B') < m. Write an exact sequence 

— ► B" — >B' — ► B'" — ► 

with l(B"),l(B"') < l(B'). From the long exact sequence 

... — ► Ext 2 (B, B") — ► Ext 2 (B,B') — ► Ext 2 (5,B"') — ► ... 



44 



Coherent sheaves on generic K3 surfaces and tori 



M. Verbitsky, May 17, 2002 



and the induction assumption we obtain that Ext 2 (B, B 1 ) = 0. ■ 

Lemma 9.5: Let C C Cq be a full abelian subcategory of an abelian 
category Cq. Assume that Cq is of cohomological dimension ^ 2. Then C is 
of cohomological dimension 1. 

Proof: Take a 4-term exact sequence in C 

— ► F x — ► F 2 — ► F 3 — ► F A — ► 0. (9.3) 

Since Cq has cohomological dimension ^ 1, fl9.3j ) splits in Cq onto a direct 
sum of two 3-term exact sequences. Since C is full in Cq, all direct summands 
of objects in C also belong in C. Therefore, these 3-term exact sequences 
belong in C, and fl9.3|) splits in C onto a direct sum of two 3-term exact 
sequences. ■ 



9.2 Functors on abelian categories of finite length 

The main result of this Section is the following elementary proposition 

Proposition 9.6: Let C — * C be a functor of abelian categories of 
finite length satisfying the following properties 

(i) 7 induces an equivalence on the categories of semisimple objects in C, C 

(ii) 7 induces an isomorphism on the Yoneda Ext 1 -groups 

Ext 1 ^!,^) — » Ext 1 ( 7 ( J B 1 ), 7 (S 2 )), 
where B\, B 2 are semisimple objects in C. 

(iii) The categories C, C are of cohomological dimension ^ 1. 
Then 7 is an equivalence. 

Proof:^ The proof is obtained via the trivial diagram-chasing argument. 
As in the proof of Lemma 9.4, we use an induction by the length of B. Let 
B, B' £ C be objects of length n. Consider an exact sequence 

— >Bq — >B — > Bi — >0 



2 This proof was suggested by D. Kaledin. 
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with l{Bi) = n — 1 and Bq semisimple. There is a long exact sequence 

-> Rom(B',B ) -> Hom(5',B) -> Hom(B',Bi) -► Ext 1 ^',^)) -» ... 
Applying 7, we obtain a commutative diagram with exact rows 

Hom(B',B ) > Hom(B',B) > Hom(B' , B x ) . 

A A ■»! 

» Hom(7(S'), 7(S )) > Homh(B'), 7(B)) . Hom(7(S'), ■y(B 1 )) ► 

> Ext 1 (B',B ) > Ext 1 (B',B) > Ext 1 (S',S 1 ) > 

,| t| »| (9.4) 
, Ext 1 (7(B'),7(So)) > Ext 1 (7(S'),7(S)) . Ext 1 ( 7 (S' ) , 7 (Bi ) ) > 

> Ext 2 (B', S ) 

"I 

. Ext 2 ( 7 (B'),7(B )) 

Since C, C is of cohomological dimension ^ 1, we have Ex.t 2 (B',B ) = 
Ext 2 (7(S'),7(-B )) = 0. Using induction, we may assume that all vertical 
arrows of Q9.4| ) are isomorphisms, except, possibly, the maps 

Ext 1 ^) ^ Ext 1 ( 7 (i?'),7(S)) 

and 

Rom(B',B) Hom(7(5'),7(B)). 

The snake lemma implies immediately that these two maps are isomorphisms 
as well. We proved that 7 is full and faithful and induces an isomorphism 
on Ext 1 -groups. It remains to show that any object of C is isomorphic to 
7(i?) for some B £ C. 

Consider an exact sequence 

— >B — > B — >Bx — > 

with 1{B\) = n — 1 and Bq semisimple. Using induction, we may assume 
that every object of length ^ n — 1 is isomorphic to an object from the image 
of 7. Then, Bq and B\ belong to the image of 7. Since B is represented by 
Ext 1 (5i, Bq), and 7 induces isomorphism on Ext^groups, B also belongs 



to the image of 7. This proves [Proposition 9.6 . 



46 



Coherent sheaves on generic K3 surfaces and tori 



M. Verbitsky, May 17, 2002 



The same arguments as prove Proposition 9.€ can also be used to prove 
the following corollary 

Corollary 9.7: Let C C be a functor of abelian categories of finite 
length. Assume that 7 induces isomorphism on the respective subcategories 
of semisimple objects. Assume, moreover, that 7 induces a monomorphism 
on the Yoneda Ext 1 -groups between semisimple objects. Then 7 is full and 
failthful. 



10 Reflexive sheaves on twistor spaces 

The aim of this section is the following theorem. 

Theorem 10.1: Let M be a hyperkahler K3 surface, or a hyperkahler 
compact torus. Assume that M is generic in the sense of having no non- 
trivial S'C r (2)-invariant integer cycles: 

(H p (M) su{2) _ inv ) n H P (M, Z) = 0, for all < p< dim K M. 

Consider generic^] complex structures L, L' induced by the hyperkahler struc- 
ture, and let C r (M,L), C r (M,L') be the categories of reflexive sheaves on 
(M,L) and (M, L'). Then the categories C r {M,L), C r {M,L') are equiva- 
lent. Moreover, this equivalence can be chosen in a canonical way if we 
chose another induced complex structure /, / 7^ L,L'. 



Theorem 10.1 is proven in Subsection 10.5 for M a surface, and in Sub- 



section 10.2 for M a compact torus, dime M > 2. 



10.1 Category Cy" : the definition 



We work in assumptions of |Theorem 10.1 . Consider (M, L) as a submanifold 



in Tw(M), (M, L) = 7r _1 (L). Consider the category 

C := limC b (Tw(M\S)) 

where C b (Tw(M\S)) is the category of vector bundles on Tw(M\5') which 
can be extended to Tw(M), and the limit is taken over all increasing se- 



quences of finite subsets S C M. By [Lemma 5.3| , we may think of the 



1 In the sense of Definition 2.cj 
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objects of C r as of reflexive sheaves on Tw(M); the space of morpfisms of 
objects of C is isomorphic to the space of morphisms of the corresponding 
reflexive sheaves. 

We are going to embed the category of reflexive sheaves on (M, L) into 
the category C r in such a way that the image is independent from the choice 
of L. Varying L, we obtain identifications between C r (M, L) for various 
generic induced complex structures L. From the definition of C it follows 
that the natural restriction functor Rl(-) '■= (•) (M maps C to the cate- 
gory C r (M, L) of reflexive sheaves on (M, L). 

Fix an induced complex structure I / L on M. We define the subcate- 
gory Cj C C r , in such a way that the restriction functor 

R L : Cf -^C r (M,L) 

is an equivalence, for all generic induced complex structures L ^ I. 



In |LY], a theory of stable sheaves was constructed for some non-Kahler 
manifolds. In KV |, we proved that this theory can be applied to the twistor 
spaces. In particular, one may speak of semistable sheaves on Tw(M) and 
of Jordan-Holder filtration, that is, a filtration with stable associated graded 
factors. As it happens in the usual case, the associated graded sheaf of the 
Jordan-Holder filtration is independent from the choice of such filtration. 



Definition 10.2: Let M be a compact hyperkahler torus or a K3 surface, 
which is generic in the sense of having no non-trivial 5t/(2)-invariant integer 
cycles: 

(H p (M) su(2) _ inv ) n H p (M, Z) = 0, for all < p < dim K M. 

The category Cj w is a full subcategory of the category of C reflexive sheaves 
on Tw(M), defined as follows. Consider a reflexive sheaf F G C r . Then F 
belongs to Cf" iff the following conditions hold 

(i) The sheaf F is semistable. The restriction of F to (M, I) C Tw(M) has 
a polystable reflexization: 

F ) = @Bi 

(M,I) J ^ 1 

where Bi are hyperholomorphic bundles on (M, /) 



48 



Coherent sheaves on generic K3 surfaces and tori 



M. Verbitsky, May 17, 2002 



(ii) There is a finite set A C M such that T is a bundle (that 

is, all singularities of F are sitting in the finite set A x {/} c (M, I) C 
Tw(M)). 

(iii) Consider a Jordan-Holder filtration of F 

= F CF 1 C .... CF n = F 

with all Fi reflexive, and the quotient sheaves Fi/Fi-i stable. Then 
the quotient sheaves i^/i^-i are non-singular on Tw(M\^4). For all 
i, the reflexization of i^/i^—i is isomorphic to Tw(Bj), where Tw(Bj) 
is the twistor transform of the bundle Bi considered in (i). 

(iv) Let x £ A, and let Tw(M) x j be the germ of a neighbourhoof of s x \I 

Tw(M) j 



within Tw(M)\(M, I) (see subsection [□]) . Then the sheaf F 
can be trivialized over s x \I by the map 



t : F 



Tw(M) IoJ 



CPs. 



(see (7.5) for details and notation). Moreover, this trivialization in- 



duces a trivialization on all subsheaves F' C F. Whenether the quo- 
tient of two subsheaves F1/F2 has a reflexization isomorphic to Tw(B), 
then t induces the same trivialization as ( [7.5[ ) gives. 

We consider objects of Cj w as reflexive sheaves on Tw(M). 
Lemma 10.3: The category C l ™ is abelian. 

Proof: A full additive subcategory of an abelian category is abelian 
if and only if for any morphism (p of this subcategory, the kernel and the 
cokernel of (p belongs to this subcategory. Let F,F' £ Cf" , and let ip : 
F — > F' be any morphism. Since F, F' is semistable, the sheaves ker cp and 
coker p are also semistable. Moreover, the Jordan-Holder filtration on F, F' 
induces the Jordan-Holder filtration on ker <p and coker <p, in such a way that 
the associated graded sheaf of the Jordan-Holder filtration on ker p, coker p 
is a direct sum component of the associated graded sheaf of the Jordan- 
Holder filtration on F, F' . This immediately implies that the conditions 



(i)-(iii) of Definition 10.2 hold for ker <p and coker ip. The condition (iv) 



holds for ker tp and coker ip tautologically. 
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Claim 10.4: Suppose that dime M = 2. Let P E C r be a sheaf satisfying 



the conditions (i)-(iii) of Definition 10.2 . Suppose that the Jordan-Holder 
filtration on P has length 2, and let B±, B 2 be the corresponding hyperholo- 
morphic vector bundles. We have an exact sequence of vector bundles on 
Tw{M\A) 



— ► Tw(Si) 



Tw(M\A) 



F 



Tw(M\A) 



Tw(P 2 



Tw(M\A) 



0. 



Let 



v E Ext 1 ^Tw( J B 1 ; 



Tw(M\A) 



,Tw(B 2 ) 



Tw(M\A) 



H 1 (Tw((B 1 )*®B 2 )) 



be the corresponding element of the extension group. Denote by B the 
bundle (Pi)* ® B 2 . Consider the image of v inside the group 

ker ( Hom c (0^,C) ®o Tw(M) Tw(B) ® 0(cpi) 0(2) 



R 2 tt* Tw(P)J 



induced by the exact sequence ( |7.12| ). Then (iv) holds if and only if v is 
compatible with the trivialization constructed in ( [7.16 ). 



Proof: Let x £ A and let U be a small neighbourhood of 

s x .\/ C Tw(M)\(M, I). 

Assume that the fibers of the natural projection ir : U — > CP 1 are Stein. 
Consider the manifold U° := U\s x . The bundle F .. is an extension of 



r/<) 



and -Bo 



t/0 



. This extension might be non-trivial; its non-triviality is 



controlled by the group 
P:=ker^Hom c (0 S;c ,C 



Tw(lf) 



Tw(B) <g> 



©(CP 1 ) 



0(2) — >P 2 vr* Tw(B) . 



For any ^ E P, and any J E s x \/, consider the restriction P^ of P to 
ir -1 (J) C *7°. Then P J 



. is an extension of Bi 

rO 1 



„ and Bi 



u° 



Since 



7T (J) is a 2-dimensional Stein manifold with a point deleted, this extension 
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might be non-trivial; it is controlled by the restriction of v to J, which is a 
vector in 



ker ( Horned, C) 



(M,J) 



H\B J ) 



(see Proposition 7.5). The trivialization preserves F and the subsheaf F\ C 
F, hence it preserves the cohomology class of the extension v. Therefore, v 
is trivialized. The converse is also clear, because F is a pushforward of 



( Lemma 5.5| ). 



Remark 10.5: If A is empty, then for all F £ Cj w , the sheaf F and 
all the sheaves Fi and Fi/Fj of Definition 10.2 are non-singular. In this 
case, F admits a filtration by holomorphic bundles Fi such that -Fj/-Fj_i 



(M,I) 



and F 



(M,I) 



)Bi. 



is isomorphic to Tw(5j), where Bi = (Fi/Fi-i 
Moreover, every bundle F on Tw(M) admitting such a filtration belongs 
to Cf". If M is a torus, dimcM > 2, then A is always empty, because 
all reflexive sheaves on Tw(M) are locally free, and the associated graded 
sheaves of the Jordan-Holger filtration are also locally free (this result can 
be proven in the same fashion as one proves Lemma 8.2; and [Proposition 

El- 



Theorem 10.1 is immediately implied by the following theorem. 

Theorem 10.6: Let M be a compact hyperkahler torus or a K3 surface, 
/ an induced complex structure, and L ^ I a generic induced complex 
structure. Assume that M is generic in the sense of having no non-trivial 
S'f/(2)-invariant integer cycles: 

(H p (M) su{2) _ mv ) n H p (M, Z) = 0, for all < p < dim K M. 

Consider the category C l ™ defined above, and let 

R L : Cj w — >C r (M,L) (10.1) 

be the restriction map from Cf" to the category C r (M, L) of reflexive sheaves 
on (M,I). Then ( |10.1 ) is an equivalence of categories. 



Theorem 10.6 is proven in Subsection 10.5 for M a surface, and in Sub- 



section 10.2 for M a compact torus of dimension greater than 2. 
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The definition of Cj w is motivated by the following heuristic considera- 
tion. We need to have a subcategory of the category C r of reflexive sheaves 
on Tw(M) which is isomorphic to C r (M, L). The category of semisimple ob- 
jects of C r (M, L) is embedded to the category of stable bundles on Tw(M) 
in a natural way via the twistor transform (see Subsection |6,2j ) . By [Propo-| 



sition 6.5 , for any pair of hyperholomorphic bundles B,B' on (M,L), we 



have 



Ext 1 (Tw( J B),Tw(5')) = C 2 ® c Ext 1 (B, B'). 



To obtain within C r a subcategory isomorphic to C r (M,L), we need to "kill 
off" half of the extensions. This is performed quite easily by requiring that 



any extension from Cj w splits over (M,I). Indeed, by Proposition 6.3 , the 
extensions within the category of coherent sheaves on Tw(M) are just sec- 
tions of O ( 1) ® Ext 1 (B, B') . The sections of O (1 ) tg> Ext 1 (B , B') which vanish 
at I are in 1-to-l correspondence with Ext 1 (i?, B'). 

If we deal with vector bundles, the definition of Cf" can be reformulated 
in a more concise fashion, by saying that F belongs to Cf" if F is an extension 
of bundles of type Tw(Sj) which splits at (M,I). 

The rest of the definition of Cj w adapts the same type of reasoning by 
accomodating singularities into the picture. 

10.2 Reflexive sheaves on generic compact torus and the cat- 
egory Cj w 

Let T be a hyperkahler compact torus, dime T > 2. Assume that all SU(2)- 
invariant integer classes rj £ H p sir(? ^_ init {T) Pi H P (T, Z), < p < diniRT 



vanish. We are going to prove Theorem 10 .6| for the manifold T. 



All reflexive coherent sheaves on T are bundles (Theorem 8.1). The 
same argument applied to the twistor space shows that all F £ Cf" are also 
bundles. By [Proposition 8.4 , all bundles on T admit a filtration by vector 



bundles, with associate graded sheaves polystable and locally free. The same 
argument implies that all E £ Cf" admit a holomorphic filtration 

= E C Ex c ... C E n = E, 

with Ei/Ei-i = Tw(-Bj), where Bi is a hyperholomorphic bundle on (T,I), 



such that E 



= (BBi. Conversely, every such E belongs to Cj. 



Let L be a generic induced complex structure on T. Denote by C b (T, L) 
the category of holomorphic vector bundles on (T,L). By [Theorem 8. 1] , 
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all reflexive sheaves on (T, L) are vector bundles. Clearly, the category 
C b (T,L) = C r (T,L) is abelian. Consider the restriction functor 



Rl : Cf 



C b (T,L). 



10.2) 



To prove Theorem 10.6 for T, we need to show that ( |10.2 ) is an equivalence. 

As we have indicated above, all simple objects of Cf" are of form Tw(2?), 
where B is a stable bundle on T. The simple objects of C b (T,L) are stable 
bundles as well. Therefore, ( 10. 2| ) induces an isomorphism of respective 
subcategories of semisimple objects. We arrive in the situation similar to 
that described in porollary 9.7 . To apply Corollary 9.7 , we need to compare 
the Yoneda extensions between the semisimple objects in C l ™ and C b (T,L). 

Let F,F' be bundles on Tw(T), F = Tw(B), F' = Tw(B'), with B, B' 
hyperholomorphic bundles on T. Denote by Bl, B' l the bundles B and B' 
considered as holomorphic vector bundles on (T,L): 

B L = R L (F), B' L = Rl(F'). 



By proposition 6.3] , we have 

Ext 1 (F,F') = Ext 1 {B L ,B' L ) 

An extension 

— > F 1 — ► F" — 



ft o (CP\0(l)). 



10.3) 



F 



belongs to Cj w if and only if it splits on (T,I) C Tw(T). This allows us to 
compute the group Ext^ tlu (i ? , F') of Yoneda extensions in Cj w from F to F' . 
Looking at ( 10.3; ), we obtain that 

Ext 1 ^ (F, F') = Ext\B L , B' L ) 0c n°(CP\ 0(1))/, 

where H (CP X , 0(1))/ denotes the space of all sections of 0(1) vanishing 
at /. However, the group H°(CP 1 , 0(1))/ is clearly 1-dimensional, and this 
gives 



Ext^t»(F, F') ^ Ext\B L ,B' L ). 



The functor 



R L : Cf -^C b (T,L) 
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evaluates a section r\ G TL°{CP l ,0{\))i at L G CP 1 , hence it induces an 
isomorphism on the first Yoneda extensions Ext 1 , assuming that L ^ I. 



Applying Corollary 9.7, we obtain that 



Ri 



c tw 



C b (T, L) 



is full and faithful. 



To finish the proof of [Theorem 10.6| for T, it remains to show that Rl is 
surjective on the set of equivalence classes of objects. Let B be a holomorphic 
bundle on (T, L). We need to show that there is a bundle F G Cf" such that 

B 



F 



(M,L) 



Using Theorem 8.5, we write 



B = {B gr , d gr + u), 

where B gr is a flat Hermitian bundle on T, d gr the holomorphic structure 
operator on B gr and v G A 0,1 (T, End(B gr )) the Higgs field. Denote by V gr 
the flat Hermitian connection given on B gr . Consider the flat connection 



V gr + V 



on B ( |Corollary"8?7|) . Lifting (B,V u ) as in [Theorem 6.2[ we obtain a holo- 



Hw L , and F v 



morphic bundle F v on Tw(T). Clearly, F v G C 
proves [Theorem 10. 6| for M = T and L = —1. To prove 
arbitrary L, we write another flat connection on B, as follows 
Let a G C be an arbitrary number. Consider the 1-form i/ ( 



B. This 



heorem 10.6 for 



v + av. 



Claim 10.7: In the above assumptions, the form v a 
the Maurer-Cartan equation: 



v + av satisfies 



V pr .(f Q ) + 2v a A v a 







Proof: Clearly, v a is parallel with respect to the connection V gr . To 
show that u a Au a = 0, we need only to prove that v /\V+v f\v = 0. However, 

(y + V) A (y + V) = v Nv + V NV + v Az7 + !7 Av 
= v AV + V A v, 

hence to show v a A v a = we need only to prove that [y + z7) A (y + V) = 0. 
Write the connection V r := V gr +v-\-V. This connection is clearly compatible 
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with the Hermitian structure on B gr . The (0, l)-part of V r is equal to d gr +u, 
hence its square vanishes, and V r is a holomorphic Hermitian connection. 
The curvature of V r is written as 



= V r (V + 77) + (v +V) A {y + V) = v Nv + V NV + v f\V + V Nv 

= z^AI7 + 77A^, 

because v + V is parallel. Therefore, to prove v t\V -\-V t\v = it means 
to prove that V r is flat. However, the form v A 17 + 17 A v is parallel, hence 
harmonic. By |Remark 3.6| , the connection V r is Yang-Mills. Since the Chern 
classes c\(B gr ), C2(B gr ) vanish, any Yang-Mills connection on B is flat ( fLtfl , 
Therefore, = 0, and we have v A 77 + 77 f\v = 0. We proved Claim 



To7| . 



By plaim 10/7 , the connection Vq, := V 9r + v + av is flat. Consider the 
corresponding holomorphic bundle F a on Tw(T). Clearly, the (0, l)-part of 

V Q , taken with respect to L, is equal to d gr + v. Therefore, F c 



Let (•)/' 1 denote the operation of taking the (0, l)-Hodge component with 
respect to /. Clearly, 



(T,L) 
tw 



B, for 



all q. To prove Theorem 10.6, it remains to show that F a G Cf for some a 



til! 



K)?' 1 = o. 



10.4) 



An elementary calculation insures that if / ^ ±L, then 



/-\0,1 



where x, y are non-zero complex numbers, depending on /, L 
~, we obtain that (^a)^ 1 



o 



Choosing 

0. By (|aj), this means that F a G Cf 3 . 



We have shown that the full and faithful functor 



R L : Cf — >C b (T,L) 
is surjective on the set of isomorphism classes of objects. Therefore, Rl is 



an equivalence. We proved Theorem 10.6 for M a generic torus of complex 
dimension > 2. 



10.3 Reflexive sheaves on hyperkahler surfaces 



In this Subsection, we prove Theorem 10.6 for M a 2-dimensional torus or 
a K3 surface. Fix a hyperkahler structure on M, and let L be a generic 
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induced complex structure. We have identified the category C r (M,L) with 
the direct limit 

limC(M\5i,L). 

where Si is a sistem of finite subsets of M ordered by inclusion, and C(M\Si) 
the category of coherent sheaves on M\Si which can be extended to coherent 
sheaves on M. If 5" is non-empty, then the category of coherent sheaves on 
(M\Si,L) has cohomological dimension ^ 1 ( Porollary 7.6j ). Therefore, 
C r (M,L) has cohomological dimension ^ 1 as well. Simple objects of this 
category are stable bundles on (M, L). The simple objects of Cj w are bundles 
of form Tw(B) on Tw(M); therefore, the simple objects of Cf" in 1-to-l 
correspondence with the simple (that is, stable) reflexive sheaves on (M,L). 
Consider the category 

C := limC b (Tw(M\S)) 



(see Subsection 10. Let C tw C C r be a full subcategory of C r consisting 



of all extensions of coherent sheaves which have locally free reflexizations of 
form Tw(-B), where B is a hyperholomorphic bundle. Clearly, Cf" is a full 



subcategory of C . By Proposition 7.9, we have 



Ext3r(Tw(5),Tw(S')) = 

for all hyperholomorphic bundles B,B'. Therefore, in C tw , the second 
Yoneda extension between simple objects vanishes. By |Lemma 9.4 , C 



tw 



has cohomoloical dimension ^ 1. Now Lemma 9.5| implies that Cj w has 
cohomological dimension ^ 1 as well. 



We arrive to assumptions of Proposition 9.£: a functor of abelian cate- 



gories of finite length and cohomological dimension ^ 1 induces an isomor- 
phism on the respective categories of semisimple objects. 

To prove |Theorem 10.6| it remains to show that Rl '■ Cj° — >C r (M,L) 
induces an isomorphism on the first Yoneda extensions between simple ob- 
jects. 

Let v be an Yoneda extension from Cj w , 

ve Ext^(F!,F 2 ), (10.5) 

where F\,F2 £ Cf" are semisimple objects. Then F^ = Tw(-Bj), where Bi is 
a hyperholomorphic bundle on M. Furthermore, v is an element of 



H° (f? Otw(m) F 2 



Tw(M\S) 
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where S is a finite set. The restriction of v to (M\S,I) C Tw(M\S) van- 
ishes, and the image r(y) of v inside 



P ■- krr ( © Xi6S Hom c (e>^,C) <8> Otw(a0 Tw(Bf ® B 2 ) ®© (C pi) 0(2) 
— » P 2 vr* Tw(P x * P 2 ) 



I10-6) 



is trivialized over CP 1 \/ as in ( |7.16| ) (see piaim 10~4 ) . 
By Proposition 7.9| , we have an exact sequence 



0^ Ext 1 (B 1 ,B 2 )®H$. pl .{0(l)) — > Ext 1 ^ 
P — >0. 

An extension of reflexive sheaves 



Tw(M\S) 



,^2 



Tw(M\S) 



v G Ext^Fi 



Tw(M\S) 



,*2 



Tw(M\S) 



belongs to Cf^ iff r{y) is trivialized over CP 1 \I and f 
trivialized over CP 1 \I, the restriction r(f) 



0. Since r{y) is 



CP!\/ 



(AT,/) 

is determined by its value 



at any point L 6 CP 1 , L ^ I. Similarly, any section of 

Ext\B 1 ,B 2 )(g ) H^ pl (0(l)) 

vanishing at / is determined by its restriction on (M,L). Therefore, Rl '■ 
Qtw — >C r (M,L) induces an embedding on Ext 1 between semisimple ob- 
jects. To show that this map is an isomorphism, take 



a e Ext^ (M ^ i) (Pi,P 2 ), 

where Bi,B 2 are hyperholomorphic bundles considered as holomorphic bun- 
dles over (M, L). By Proposition 7.2, any trivialized over CP 1 \I section of 

P 



CP L \ 



1 i can be extended to CP 1 . Therefore, the image 



-(or) £ P L := ker ( Rom c (6 {M ,L), x , C) ®o (M>L) K(M,L) ® B{ ® P 2 



H 2 {(M,L),B* X ®B 2 ) 
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can be extended to a section of P, on the whole CP 1 . Clearly, any ele- 
ment in Ext 1 (Pi, B2) can be extended to a unique section of Ext 1 (Pi, B2) <£> 
PT^pi (0(1)) vanishing at I. We have a commutative diagram of long exact 
sequences, with the rightmost and the leftmost vertical arrows isomorphisms 



Ext 1 (Si,B 2 ) * 



Ext* (F U F 2 ) 



Ext 1 (Si,S 2 ) 



Ext 1 

rj ' i{, C h (M\S,L) 



(10.7) 



where H^. pl (0(l))i denotes the space of sections of 0(1) vanishing at /, 
Pt r denotes the space of sections of P which are trivialized over CP 1 \I, and 
the vertical maps are restrictions to (M,L) C Tw(M). 



The middle vertical arrow of ( 10,7 ) is also an isomorphism, by the snake 
lemma; therefore, Rl induces an isomorphism on Yoneda extensions of 
semisimple objects. This proves Theorem 10. 6| for M a 2-dimensional torus 
or a K3 surface. [Theorem 10. € is proven. ■ 



11 Coherent sheaves with isolated singularities 

The main result of this Section is the following 

Theorem 11.1: Let M be a hyperkahler K3 surface or a compact torus 
without non-trivial integer S'C r (2)-invariant classes, and L, V generic in- 
duced complex structures. Consider the categories C(M,L), C(M,L') of 
coherent sheaves on (M, L) and (M, L'). Then the categeries C(M,L), 
C(M,L') are equivalent. Moreover, this equivalence can be chosen canoni- 
cally if we fix an induced complex structure I 7^ L,L'. 



Proof: Let F £ C(M,L), and F** its reflexization, which is a bundle. 



Fix an induced complex structure I 7^ L,L'. As in the proof of Theorem 
10.1 , we consider the category Cj w . We have shown that the restriction Rl : 



Cj w — >C r (M,L) defines an equivalence, where C r (M,L) is the category of 
reflexive sheaves on (M, L) ( [Theorem" 10^) . Denote by E £ Cj w the reflexive 
sheaf which corresponds to F** under this equivalence. 

Our argument uses the local twistor geometry of a hyperkahler manifold, 
following Subsection |7.1| (see also |V3f| ) . The following claim is trivial. 



Claim 11.2: In the above assumptions, let E £ C 1 /", and let x be any 
point in M. Then the bundle E is canonically trivialized in a neighbourhood 
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of s x \I, where s x C Tw(M) is a horisontal twistor section. 

Proof: Let x be a point in A, where A x {J} is a singular set of E which 
is used in the definition of Cf". In a neighbourhood of s x \I, the sheaf E is 
trivialized, by definition of C\ w '. If x £ A, then E in a neighbourhood of s x is 
a successive extension of the bundles of form Tw(Bj). Each of these bundles 

is equal to 0®p\ on s x , and therefore, E g is also trivial. Using ([[!]), we 

obtain a trivialization of E in a neighbourhood of s x \I, for all x € M. m 



We are going to attach singularities to E in such a way that the equiv- 
alence Rl ■ Cf" — > C b (M, L) can be extended to the sheaves with isolated 
singularities. 



We prove Theorem 11.1 in the same fashion as we proved Theorem 10.1 



Just as in Theorem 10. 6| , we shall construct an intermediate category Cj w , 



which is a subcategory of the category of coherent sheaves on the twistor 
space. We show that the natural restriction functor from Cj° to C(M,L) is 
an equivalence, if L is a generic complex structure distinct from I. Since 
L can be chosen arbitrarily, this will imply immediately that C(M,L) is 
equivalent to C(M, L'). 

Definition 11.3: The category Cj w is defined as follows. 
An object oiCj w is a coherent sheaf F on Tw(M) satisfying the following 
conditions. 

(i) The reflexization E := F** belongs to Cf", where the category Cf" is 



defined as in Definition 10.2 



(ii) The sheaf F is non-singular outside of A x CP 1 C Tw(M), where 

A C M is a finite set. 

(iii) Let Z := {A} x I c (M, I) C Tw(M) be the finite subset of (M, I) C 
Tw(M) corresponding to A, and j : Tw(M)\Z <^-» Tw(M) the natural 
embedding. Then the canonical homomorphism F — >j*j*F is an 
isomorphism. 



E = F** to Tw(M) XOj/ . Let E 



(iv) In the notation of of Subsection 7.1, consider the restriction of F and of 

— ^ £*Es be the trivializa- 



tion constructed in plaim 1L2 , Then there exists a sheaf F$ equipped 
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with a map F$ — > E$ which is equivalence outside of xo,|_j and an 
isomorphism 



such that the following diagram is commutative 



F 



TF 



Tw(M) a . 0iJ 



PF 



t*{pF s ) 



E 



Tw(M) a . QiJ 



(Here, pp and pf s denote the respective reflexization maps). This 
means that the singularities of F are compatible with the local trivi- 



alization of E constructed in Subsection 7.1 



The morphisms of Cf are morphisms of coherent sheaves. 

Remark 11.4: Clearly, the sheaf F$ and the morphism F$ — ► Eg can 
be reconstructed in a canonical way from F. Take for S the neighbourhood 
of x Q in (M, L). Then E s is the restriction of E to S C (M, L) C Tw(M), 

and F S = F . 



The following theorem implies Theorem 11.1, as we indicated in the 
beginning of this Section. 



Theorem 11.5: Let M be a compact hyperkahler manifold, / an arbi- 
trary induced complex structure, and Cj w the category constructed above. 
Consider a generic induced complex structure L, and let 



Rl : Cf 



tw 



C(M, L) 



(11.1) 



be the restriction map, F — > F 
categories. 



(M,L) 



Then ( \LU\ ) is an equivalence of 



1 This means that pF s is the reflexization map. 
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Proof: We construct the inverse functor T : C(M,L) — > Cf" as fol- 
lows. Take F L G C(M,L). Let E L be its reflexization, and E £ Cj w the 
corresponding sheaf over the twistor space ( [Theorem 10.6j ). Let xq G M be 
a singular point of P^. Consider the infinitesimal neighbourhood of 

{x } x (CPV) C Tw(M)\(M, J) 

in Tw(M)\(M, J), denoted, as in Subsection |7.l| , by Tw(M) XOi /. Then E 



is trivialized over Tw(M) Xo j, and we may write E 



L,x ), 



where El xq is the germ of El in xq. Let P 



r(^,x ) be 



the sheaf corresponding to Pc. Since P^ has isolated singularities, the 



sheaves P 



and P 



are canonically isomorphic outside of 



{x } x (CPV). Gluing together P 



Tw(M) a 



and P, we obtain a sheaf Pq 



on Tw(M)\(M, J). Let A be the singular set of Fl- Then E is equal to 
Fq outside of {^4} x CP 1 C Tw(M), hence Fq can be extended smoothly 
from Tw(M)\(M,I) to a sheaf F x on Tw(M)\Z, where Z = {A} x {/} 
is the finite set defined in [Definition 11 . 3| . Let T(Fl) := J* (Pi), where 
j : Tw(M)\Z Tw(M) is the natural embedding. Since Z has codimen- 
sion 3, the direct image T(Px) = j*(Pi) is a coherent sheaf, and we have 
Rl(T (Fl)) = Fl- By construction, this sheaf satisfies the conditions of Def- 



inition 11.3. This construction is clearly functorial. Indeed, it is functorial 



on bundles by Theorem 10.6| , and the sheaf Fl is just a bundle with some 
singularities attached; every morphism of sheaves from Ci induces a mor- 
phism on the corresponding reflexization bundles, which is compatible with 
the trivialization (|7.5| ), hence extends naturally to isolated singularities. 
We proved [Theorem 11.5 . Theorem 11.1 is proven. ■ 



From Theorem 4.5| and Theorem 11.1, the following result is apparent. 



Theorem 11.6: Let M be a compact torus or a K3 surface, and L, V 
complex structures of Kahler type. Assume that L and L' are Mumford- 
Tate generic. Then the categories C(M, L), C(M, L') of coherent sheaves on 
(M, L) and (M, L') are equivalent. 



Proof: Consider the sequence Hi, Ti.2, ■■■Ti-n of hyperkahler structures, 
satisfying the assumptions of Theorem 4.5, and let Lq = L, L2, L3, P ra +i = 
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L' be the corresponding sequence of Mumford-Tate generic complex struc- 
tures. By Claim 4,4, the complex structures L k are generic. Applying 



Theorem 11.1, we find that the following categories are equivalent: 



C(M,L k )~C(M,L k+1 ) 

Theref ore, C(M,L ) = C(M,L) is equivalent to C{M,L n+1 = C{M,L'). We 
proved Theorem 11 .6| . ■ 
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